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1,0 INTRODUCTION 
The s tudy of t h e  spec t r a  of r a d i a t i o n  emit ted from plasmas has long 
becn an inva luable  t o o l  i n  atomic r e sea rch ,  not only f o r  determining proper- 
t i c s  of t h e  c o n s t i t u e n t  atoms i n  t h e  plasma, but  a l s o  f o r  determining proper- 
t i c s  of t h e  plasma a s  a whole and f o r  determining t h e  e f f e c t s  of  t h e  plasma 
on t h e  atoms. I n  t h i s  work, e s t ab l i shed  spec t roscopic  techniques were used 
t o  determine t h e  e l e c t r o n  dens i ty  and temperature i n  a helium a r c - j e t  plasma. 
Then, t h e s e  measured parameters were used t o  c a l c u l a t e  t h e  S ta rk  broadening 
of s p e c t r a l  l i n e s  i n  t h e  t r i p l e t - d i f f u s e  s e r i e s  of helium. These c a l c u l a t i o n s  
were made by use  o f  t h e  q u a s i s t a t i c  approximation f o r  ions  and e l e c t r o n s ,  and 
were compared wi th  measured p r o f i l e s  i n  a plasma where t h e  cen te r - l i ne  e lec-  
t r o n  dens i ty  was 1 . 4  x 1015 i 1 3  percent  and t h e  cen te r - l i ne  temperature 
was 7000 t 17 percent  O K .  Not only i s  knowledge of t h e  broadening use fu l  
from a l abo ra to ry  viewpoint ,  bu t  it i s  u se fu l  i n  determining condi t ions  i n  
s t e l l a r  plasmas, and i s  important i n  so lv ing  r a d i a t i v e - t r a n s f e r  problems. 
The theory  of S t a rk  broadening has been worked out f o r  two l i m i t i n g  
approximations: t h e  q u a s i s t a t i c  approximation, which app l i e s  t o  low-density 
and low-temperature plasmas ; and t h e  impact approximation, which app l i e s  
t o  high-density and high-temperature plasmas. 
The app l i ca t ion  of  t h e s e  approximations t o  helium l i n e  broadening has 
been r e s t r i c t e d  u n t i l  now t o  comparisons wi th  experimental measurements only 
i n  the  extremes where one theory  would be expected t o  predominate over t h e  
o t h e r .  There has been increased  a s t rophys i ca l  i n t e r e s t  i n  t h e  he l ium- t r ip l e t  
d i f f u s e  s e r i e s  because it i s  s t rong  i n  many s t e l l a r  s p e c t r a .  This  i n t e r e s t  
i s  a l s o  i n  condi t ions  between t h e  extremes, t h a t  i s ,  i n  a range of  e l e c t r o n  
d e n s i t i e s  of 1014 t o  ld5 ~ m ' ~ .  This  i s  t h e  range of  condi t ions  ob ta inab le  
i n  a r c - j e t  f lows.  
Measurements of t h e  p r o f i l e s  of  helium l i n e s  have been predominantly 
made i n  e i t h e r  t h e  r e l a t i v e l y  low-density plasmas of radio-frequency ( r f )  d i s -  
charges o r  t h e  r e l a t i v e l y  high-densi ty  plasmas such a s  a r c s  and shock tubes .  
Wulff ( r e f .  1) measured t h e  p r o f i l e s  of var ious  l i n e s  i n  t h e  sharp ,  
p r i n c i p a l ,  and d i f f u s e  s e r i e s  of n e u t r a l  helium i n  a pulsed a r c  d ischarge  
where t h e  e l e c t r o n  dens i ty  was 3  x 1016 and t h e  temperature was 30 000' K .  
0 0 
Comparison of  t h e  4471 A and 4026 A helium l i n e s  with a  s t a t i s t i c a l  theory  of 
t h e  Balmer H and H l i n e s ,  r e s p e c t i v e l y ,  d id  not y i e l d  good agreement, B Y 
a s  might be expected,  because helium has a  much more complex term s t r u c t u r e  
than  hydrogen does. Griem, e t  a l .  ( r e f .  2 )  ca l cu la t ed  t h e  helium l i n e  broad- 
ening i n  t h e  impact approximation. They compared t h e s e  c a l c u l a t i o n s  wi th  
0 0 
those  measured by Wulff ( r e f .  1) 4713 A and 3965 A l i n e s ,  and found good 
agreement. 
Vidal ( r e f .  3 )  made accura te  measurements of t h e  l i n e  broadening of 
t h e  s i n g l e t  and t r i p l e t  d i f f u s e  s e r i e s  of  helium i n  an r f  discharge.  I n  
Vida l ' s  experiments,  t h e  e l ec t ron  dens i ty  was 2.65 X 1013 and t h e  tem- 
pe ra tu re  was 1850' K .  Pfennig and T r e f f t z  ( r e f .  4 )  c a l cu la t ed  t h e  l i n e  wing 
p r o f i l e s  by us ing  t h e  q u a s i s t a t i c  theory  and then  they  compared t h e s e  pro- 
f i l e s  with t h e  measurements ( r e f .  3 ) .  Agreement i n  t h e  f a r  wings was 
reasonably good. 
O 3 3  Gre ig ,  e t  a l .  ( r e f .  5)  measured t h e  p r o f i l e s  of t h e  3889 A ( 2  S-3 P) 
O 1 1  
and t h e  5016 A ( 2  S-3 P )  helium l i n e s  from a  high-density plasma i n  a  shock- 
tube source.  The e l ec t ron  dens i ty  determined from t h e  width of t h e  H l i n e  B 
- 3 
was i n  t h e  range of  1016 t o  1017 cm . They found t h a t  t h e  widths of t h e  
3 
helium l i n e s  j u s t  d i scussed  conipared we l l  with t h e  gene ra l i zed  impact t h e o r i e s  
of Griem, e t  a l .  ( r e f .  2 )  a,nd Oer t e l  ( r e f .  6)- 
I n  t hese  experiments,  measurements of l i n e  p r o f i l e s  i n  t h e  helium- 
t r i p l e t  d i f f u s e  s e r i e s  were made i n  t h e  free-stream flow of an a r c - j e t  plasma. 
The e l e c t r o n  dens i ty  was determined from absolu te  continuum-intensity measure- 
ments, and t h e  e l e c t r o n  temperature was determined from r e l a t i v e  t o t a l  l i n e  
i n t e n s i t i e s .  In  t h e  present  work, an attempt i s  made t o  use t h e  q u a s i s t a t i c  
3 3 theory t o  descr ibe  helium 2 P-n D l i n e  p r o f i l e s  and t o  inc lude  an empir ica l  
co r r ec t ion  t o  extend t h e  range of v a l i d i t y  of t h e  theory  toward t h e  cen te r  of 
t h e  l i n e .  This co r r ec t ion  i s  pa t t e rned  a f t e r  those  who appl ied  it t o  hydrogen 
broadening, Schlu ter  ( r e f .  7 )  and Edmonds, e t  a l .  ( r e f .  8 ) .  This  co r r ec t ion  
makes t h e  pe r tu rbe r  dens i ty  N a func t ion  of t h e  wave number Av, tending 
from N = N i n  t h e  core t o  N = 2N i n  t h e  f a r  wings. 
e  e  
Because of t h e  inhomogeneous na ture  of t h e  free-stream j e t ,  t h e  meas- 
ured p r o f i l e s  were transformed t o  p r o f i l e s  which a r e  func t ions  of t h e  j e t  
r ad ius  by Abel-inversion. Comparisons of t he  experimental r e s u l t s  and t h e  
theory a r e  made a t  t h e  cen te r - l i ne  r ad ius  r = 0 .  The temperature and t h e  
e l e c t r o n  dens i ty  were determined a s  funct ions of t h e  plasma r ad ius  by Abel- 
invers ion  of l i n e  and continuum i n t e n s i t i e s ,  r e spec t ive ly .  The t h e o r e t i c a l  
bases f o r  t hese  ca l cu la t ions  a r e  descr ibed i n  Sect ion 2.1,  Line I n t e n s i t i e s  
and Temperatnre, and Sect ion 2 . 2 ,  Continuum I n t e n s i t y  and Elec t ron  Densi ty.  
The t h e o r e t i c a l  l i n e - p r o f i l e  ca l cu la t ion  i n  which t h e  Doppler p r o f i l e  
i s  fo lded  with t h e  q u a s i s t a t i c  p r o f i l e  i s  descr ibed i n  Sec t ion  2 .3 ,  Quas i s t a t -  
i c  S t a r k  Broadening Theory. This fo ld ing  pr imar i ly  i s  a  mathematical conven- 
ience  because t h e  Doppler broadening i s  neg l ig ib l e  compared with t h e  S tark  
broadening a t  t hese  condi t ions .  The q u a s i s t a t i c  p r o f i l e  i s  ca l cu la t ed  from 
t h e  r e l a t i v e  l i n e  s t r e n g t h s  and frequency s h i f t s  of t h e  S t a r k  components of 
Pfennig and T r e f f t z  ( r e f .  9 )  . Baranger and Mozer ' s  high-f requency component 
f i e ld - s t r eng th -d i s t r i bu t ion  func t ion ,  app l i cab le  f o r  t h e  e l e c t r o n s ,  was used. 
The ions  a r e  a l s o  accounted f o r  by t h e  same f i e ld - s t r eng th -d i s t r i bu t ion  func- 
t i o n .  The empir ica l  co r r ec t ion  i s  a l s o  descr ibed.  
The f a c i l i t y  and ins t rumenta t ion  a r e  descr ibed  i n  Sec t ion  3.1,  The 
Apparatus; t h e  spec t roscopic  measurement techniques a r e  descr ibed  i n  Sec- 
t i o n  3.2,  The Spectroscopic Measurements. These measurements inc lude  t h e  
Abel-inverted l i n e  and continuum i n t e n s i t i e s ,  Abel-inverted l i n e  p r o f i l e s ,  
and t h e  instrument p r o f i l e s .  
The r e s u l t s  of t h e  measurements and t h e  t h e o r e t i c a l  ca l cu la t ions  a r e  
d iscussed  i n  Sec t ion  4.0,  Discussion of Resul ts  and Comparison of  Experiment 
With Theory. It i s  shown t h a t  t h e  agreement i n  t h e  wings i s  reasonably good, 
except i n  reg ions  where t h e  forbidden components con t r ibu te  t o  t h e  p r o f i l e s .  
The empir ica l  co r r ec t ion  i s  shown t o  improve agreement toward t h e  l i n e  cores  
i n  cases  where e r r o r s  i n  t h e  measured p r o f i l e s  a r e  not  t o o  g r e a t .  
The summary i s  given i n  Sect ion 5.0, Summary. The r e l a t i o n s  involved 
f o r  r e l a t i v e  and absolu te- l ine  and continuum-intensity c a l i b r a t i o n  a r e  shown 
i n  appendix A. The cases  f o r  broad and narrow l i n e s  a r e  discussed.  The Abel- 
invers ion  ca l cu la t ions  a r e  discussed i n  appendix B. 
2 . 1  LINE INTENSITIES AND TEMPERATURE 
Temperature i s  a  q u t ~ n t i t y  which de f ines  t h e  d i s t r i b u t i o n  of  energy i n  
a s t a t i s t i c a l  system i n  equi l ibr ium;  hence, one can determine t h e  temperature 
i f '  the  populat ion of energy l e v e l s  i n  an e l e c t r o n i c  system i s  known. Because 
t h e  i n t e n s i t y  of l i n e  r a d i a t i o n  emit ted from an o p t i c a l l y  t h i n  gas i s  propor- 
t i o n a l  t o  t h e  populat ion dens i ty  of an energy s t a t e ,  one can ob ta in  t h e  tem- 
pe ra tu re  from i n t e n s i t y  measurements. 
The e l e c t r o n  temperature i n  t h e  a r c - j e t  plasma was determined by t h e  
use of t h e  s tandard  method of t he  Boltzmann p l o t ,  wherein r e l a t i v e  t o t a l - l i n e  
i n t e n s i t i e s  a r e  used and log  (1h3/gf )  i s  compared with Eu; I i s  t h e  r e l a -  
t i v e  t o t a l  i n t e n s i t y ,  X i s  t h e  wavelength of t h e  l i n e ,  g  i s  t h e  s t a t i s t i c a l  
weit?ht, of t h e  lower energy l e v e l  of t h e  t r a n s i t i o n ,  and f  i s  t h e  absorpt ion-  
o s c i l l a t o r  s t r e n g t h .  The s lope  of t h e  r e s u l t i n g  l i n e  equals  - ( l / k T ) ,  where 
k  i s  t h e  Boltzmann constant  and T  i s  t h e  e l e c t r o n  temperature.  This method 
i s  based on t h e  assumption t h a t  t h e  involved l i n e s  a r e  o p t i c a l l y  t h i n .  Also, 
t h e  method i s  based on t h e  expression f o r  t h e  i n t e n s i t y  of a  s p e c t r a l  l i n e  
where h  i s  P lanck ' s  cons t an t ,  c  i s  t h e  v e l o c i t y  of l i g h t ,  r i s  t h e  
0 
e l e c t r o n  r a d i u s ,  and N i s  t h e  t o t a l  atom dens i ty .  This equat ion i s  based 
0 
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upon a  l o c a l  thermodynamic equi l ibr ium,  because a  Boltzmann d i s t r i b u t i o n  of 
t h e  energy l e v e l s  i s  assumed. 
The assumption of o p t i c a l  t h inness  i s  i m p l i c i t  here  because t h e  r ad i -  
ance ~ ( r )  i s  determined from an Abel-inversion which holds f o r  an o p t i c a l l y  
t h i n  plasma. The Abel-inversion numerical technique i s  d i scussed  i n  appendix B. 
2.2 CONTINUUM INTENSITY AND ELECTRON DENSITY 
To determine t h e  e l e c t r o n  d e n s i t y ,  t h e  equat ion f o r  t h e  continuum in-  
t e n s i t y  was solved f o r  t h e  e l e c t r o n  dens i ty .  The equat ion used was t h a t  given 
by Anderson and Griem ( r e f .  11) f o r  t h e  emission c o e f f i c i e n t  f o r  t h e  continuum 
where a i s  t h e  f i n e  s t r u c t u r e  cons tan t ,  a  i s  t h e  Bohr r a d i u s ,  c i s  t h e  
0 
speed of  l i g h t ,  EH i s  t h e  ion iza t ion  energy of hydrogen, k i s  t h e  Boltzmann 
cons tan t ,  T  i s  t h e  temperature,  X i s  t h e  wavelength, n  i s  t h e  p r i n c i p l e  
quantum number, N = N i s  t h e  e l ec t ron  d e n s i t y ,  and N1/Ni i s  t h e  ra-cio o f  
e  i 
ion ground-state populat ion t o  t o t a l  ion  populat ion ( s e t  equal  t o  1). 
The r e l a t i v e  photo ioniza t ion  absorpt ion c ross  s ec t ion  f o r  t h e  n,R 
l e v e l s  i s  gnR3  i n  u n i t s  of t he  Kramers-Unsold cross  s e c t i o n s ,  bu t  i s  mult i -  
p l i e d  by t h e  r a t i o  of t h e  s t a t i s t i c a l  weight of t h e  n,R l e v e l  t o  t h a t  of t h e  
hydrogen l e v e l s  2n2 and i s  divided by t h e  s t a t i s t i c a l  weight of t h e  ion  
ground s t a t e .  The va r i ab l e  g n ( h )  i s  t h e  bound-free Gaunt f a c t o r ,  and g f ( h , T )  
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i s  t h e  f r ee - f r ee  Gaunt f a c t o r  averaged over a  Maxwellian v e l o c i t y  d i s t r i b u t i o n  
of  e l e c t r o n s .  The values of t h e s e  Gaunt f a c t o r s  were i n t e r p o l a t e d  from t h e  
t a b l e s  of Karzas and L a t t e r  ( r e f .  1 2 ) .  The Em i s  t h e  i o n i z a t i o n  energy; E 
n  R 
i s  t h e  e x c i t a t i o n  energy of t h e  l e v e l .  
The v a r i a b l e  AE i s  t h e  advance of t h e  s e r i e s  l i m i t  g iven  by Griem 
( r e f .  13 )  i n  t h e  formula 
The v a r i a b l e  AEm i s  t h e  reduct ion  i n  i o n i z a t i o n  energy given by Griem 
( r e f .  1 3 )  i n  t h e  formula 
where EX i s  t h e  photon energy and E i s  t h e  p e r m i t t i v i t y  of f r e e  space.  
0 
I n  t h e  sums, only those  terms con t r ibu te  f o r  which t h e  photon energy 
i s  g r e a t e r  than  t h e  energy requi red  t o  e x c i t e  a  bound e l e c t r o n  i n t o  a  f r e e  
s t a t e ,  t ak ing  i n t o  account t h e  advance of t h e  s e r i e s  l i m i t .  The upper l i m i t  
on n  f o r  t h e  bound-free sum i s  one l e s s  than  t h e  n corresponding t o  t h e  
l a s t  d i sce rn ib l e  l i n e  i n  t h e  s e r i e s .  The e l e c t r o n  dens i ty  i s  then  computed 
from t h e  absc lu te  continuum-intensity measurement 
where N ( ~ , x )  i s  t h e  power r ad i a t ed  p e r  u n i t  volume per  s t e r a d i a n  per  uit 
wavelength a t  a  po in t  i n  t h e  plasma a t  a d i s t ance  r from t h e  c e n t e r  l i n e .  
2.3 QUASISTATIC STARK BROADXNING THEORY 
The theory of S t a r k  broadening of s p e c t r a l  l i n e s  may be approached 
from two opposing i d e a l i z a t i o n s :  t h e  impact theory  and t h e  q u a s i s t a t i c  theory .  
The impact theory  i s  app l i cab le  when t h e  phase of an emi t ted  wave i s  
on t h e  average,  only s l i g h t l y  changed during t h e  t ime of t h e  order  of  a  few 
c o l l i s i o n  t imes.  This  condi t ion  app l i e s  i n  two gene ra l  cases .  I n  t h e  f i r s t  
case ,  t h e  c o l l i s i o n s  a r e  s t rong  enough t o  d i s rup t  t h e  phase of t h e  wave, a r e  
we l l  separa ted  i n  t ime from one another ,  and occur ins tan taneous ly .  Here, t h e  
c o l l i s i o n  t ime i s  e f f e c t i v e l y  zero ,  while  t h e  average c o r r e l a t i o n  t ime i s  t h e  
mean t ime between c o l l i s i o n s .  I n  t h e  second case ,  t h e  impact approximation 
holds i f  t h e  c o l l i s i o n s  a r e  s o  weak (al though they  may l a s t  f o r  a  s i g n i f i c a n t  
time wi th  t h e i r  e f f e c t s  even overlapping)  t h a t  t h e i r  combined e f f e c t  on t h e  
wave i s  smal l  i n  t h e  c h a r a c t e r i s t i c  c o l l i s i o n  time. 
The q u a s i s t a t i c  approximation i s  based on t h e  assumption t h a t  t h e  ex- 
c i t e d  atoms a r e  i n  a r e l a t i v e l y  cons tan t  per turb ing  f i e l d  produced by randomly 
s i t u a t e d  (s lowly moving) pe r tu rbe r s .  The r e s u l t i n g  e l e c t r i c  mic ro f i e ld  per- 
t u rbs  t h e  energy l e v e l s ;  t h i s  d i s t u r b s  t h e  emit ted l i n e  frequency by an amount 
Av, which depends 011 t h e  s t r e n g t h  of t h e  i n t e r a c t i o n .  Thus, t h e  t o t a l  l i n e  
shape depends on knowledge of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  s t a t i o n a r y  per- 
t u r b e r s  t o  provide a  given i n t e r a c t i o n  with t h e  atom. The slowly moving ions 
a r e  p s r t i c u l a r l y  s u i t e d  t o  t h i s  t rea tment ;  whereas, t h e  f a s t e r  moving e l e c t r o n s  
may be t r e a t e d  more adequately by t h e  impact approximation, e s p e c i a l l y  i n  high- 
temperature plasmas. However, a s  i nd ica t ed  i n  Sec t ion  1 . 0 ,  INTRODUCTION, it 
has been shown t h a t ,  f o r  t h e  l i n e  wings, t h e  q u a s i s t a t i c  approximation has been 
used succes s fu l ly  t o  descr ibe  t h e  broadening because of e l ec t rons  and ions i n  
low-density , low-temperature r f  hydrogen and helium plasmas. This was t r u e  f o r  
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t ! ~ z  hydrogen case  where t h e  empi r i ca l  c o r r e c t i o n  of Schl i i ter  ( r e f ,  7 )  was used,  
1 1 1  t h e  p re sen t  work, t h e  same type  of c o r r e c t i o n  was app l i ed  t o  t h e  q u a s i s t a t i c  
broadening theory  of helium. 
Pfennig and T r e f f t z  ( r e f .  4) so lved  f o r  t h e  helium f i r s t - o r d e r  energy- 
pe r tu rba t ion  ma t r ix  elements r e s u l t i n g  from a s t a t i c  e x t e r n a l  e l e c t r i c  f i e l d  
and t h e i r  a s soc i a t ed  l i n e  s t r e n g t h  a s  a func t ion  of t h e  e l e c t r i c  f i e l d .  This  
was done i n  parabol ic  coordinates  by us ing  e s s e n t i a l l y  t h e  same approximation 
a s  Fos te r  ( r e f .  1 4 ) .  They formed t h e  field-dependent off-diagonal  mat r ix  e l e -  
ment s 
where e  i s  t h e  charge of t h e  e l e c t r o n ;  z and z a r e  coordinates  of t h e  1 2 
e l ec t rons  ; and n ,L,M a r e  quantum numbers. 
These mat r ix  elements form block diagonal  submatrices t h a t  a r e  asso- 
c i a t e d  with each M. The elements on t h e  p r i n c i p l e  diagonals  a r e  t h e  unper- 
tu rbed  energy eigenvalues.  For L I 1, t h e  helium e i g e n s t a t e  Yo(n,L,M) may 
be adequately descr ibed  by an unexci ted 1s e l e c t r o n  which does not con t r ibu te  
to H ~ - l , ~  and by an exc i t ed  e l e c t r o n  n!Lm(% = L,m = M), t h e  e igenfunct ion  of 
which i s  approximated by t h e  hydrogen type .  Thus, according t o  Bethe and 
Sa lpe t e r  ( r e f .  15 )  
where a  i s  t h e  Bohr r ad ius .  
0 
Pfennig and T r e f f t z  ( r e f .  9 )  used t h e  va lues  f o r  t h e  diagonal  elements 
H~~ of Martin ( r e f .  16 )  and ex t r apo la t ed  them t o  extend t h e  t a b l e .  They 
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expressed t h e  S ta rk -e f f ec t  e igenfunct ions  as  l i n e a r  combinations of t h e  unper- 
tu rbed  helium funct ions  yo(n ,L , M )  . 
T h r n ,  they  solved t h e  eigenvalue problem 
with t h e  normalizat ion condi t ion  
( = M y  + 1 .  l - 1). The index e i s  r e l a t e d  t o  t h e  pa rabo l i c  quantum num- 
be r  nl, t h a t  i s ,  p = nl + M. Pfennig and T r e f f t z  ( r e f .  9 )  t abu la t ed  t h e  S t a r k  
e f f e c t ,  s p l i t t i n g  Av ( p e r t u r b a t i o n  energy) and r e l a t i v e  l i n e  i n t e n s i t i e s  L . 
MP 
The s p l i t t i n g  i s  r e l a t i v e  t o  t h e  unperturbed nD l e v e l ,  and pe r tu rba t ions  i n  
t h e  2P l e v e l s  a r e  neglec ted .  
The equat ion f o r  t h e  perturbed r e l a t i v e  l i n e  i n t e n s i t y  of one component 
i s  given by t h e  e q ~ a t i o n  
where LMV(E) i s  t h e  r e l a t i v e  l i n e  i n t e n s i t y  as  a  func t ion  of per turb ing  f i e l d  
s t r eng th  and W ( E )  dE i s  t h e  p r o b a b i l i t y  of f i nd ing  t h e  atom i n  a  pe r tu rb ing  
f i e l d  E 5 E' 5 E + dE. The i n t e g r a t i o n  with t h e  Dirac d e l t a  func t ion  p i cks  
out a  p a r t i c u l a r  f i e l d  s t r e n g t h  a s soc i a t ed  with a  given wave number. 
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I n t e g r a t i o n  i n  equat ion (11) by the  use  of  t h e  theory of genera l ized  
func t ions  y i e l d s  
where E i s  t h e  e l e c t r i c  f i e l d  t h a t  i s  r equ i r ed  t o  produce a  displacement 
MP 
A\> i n  t h e  M,p component. A summation of  t h e  o v e r a l l  components y i e l d s  
This  i s  t h e  express ion  used by Pfennig and T r e f f t z  ( r e f .  4) i n  t h e i r  
ca l cu la t ion .  However, t h i s  equat ion i s  not v a l i d  f o r  c e r t a i n  values of Av. 
I n  s e v e r a l  of t h e  components, 1 ~ 1  i s  s i n g u l a r  f o r  c e r t a i n  Av. This i s  
MP 
because of a  r e v e r s a l  o r  stoppage i n  t h e  displacement Av with  inc reas ing  
f i e l d  s t r eng th .  To avoid t h i s  mathematical d i f f i c u l t y ,  equat ion (11) was 
folded with t h e  Doppler broadening func t ion .  
One i n t e r e s t i n g  f e a t u r e  of t h i s  func t ion  i s  t h a t ,  i n  t h e  l i m i t  o +- 0 ,  t h e  
Doppler func t ion  behaves l i k e  t h e  d e l t a  func t ion .  However, i n  t he  phys i ca l  
s i t u a t i o n ,  t h e  Doppler func t ion  has a  f i n i t e  width;  t h u s ,  t h e  s i n g u l a r i t y  en- 
countered by us ing  a d e l t a  f 'unction i s  el iminated.  
The gene ra l  expression f o r  t h e  fo ld ing  of two broadening func t ions  i s  
1 2  
Hquations (11) and ( 1 4 )  a r e  s u b s t i t u t e d  i n t o  equat ion (15 )  t o  y i e l d  
The i n t e g r a t i o n  of equat ion (16) with r e spec t  t o  Av' y i e l d s  
where P + I i n  t h e  no ta t ion .  Thus, t h e  Doppler func t ion  has rep laced  t h e  
d e l t a  func t ion  i n  t h e  i n t e g r a l .  This  i n t e g r a l  may now be computed by numerical 
means. The des i r ed  equat ion f o r  t h e  t r i p l e t  l i n e s  i s  obtained by r e s t o r i n g  a l l  
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components of  t h e  l i n e  and by cons ider ing  t h e  s p l i t t i n g  i n  t h e  2  P  l e v e l .  
Av = 1.045 f o r  J = 0 ,  Av = 0.049 f o r  where Av ( E )  = Av ( E )  + AvJ, 
MvJ MP J 
J = 1, and Av = 0.029 f o r  J = 2. Because t h e  integrand i s  def ined  a s  zero J 
f o r  E  < 0 ,  t h e  lower l i m i t  of t h e  i n t e g r a t i o n  may be zero.  
I f  W(E) and D ( A V )  a r e  normalized and i f  ZL ( E )  = 1, then  
My 
I n  t h e  t a b l e s  of Pfennig and T r e f f t z  ( r e f .  9 ) ,  Z L ~ ~ ( E )  = 1 when t h e  
sharp component of t h e  l i n e  ( v  = 0 term) i s  omitted. 
The f i e l d - s t r e n g t h  d i s t r i b u t i o n  func t ion  W ( E )  was obtained from t h e  
~ ( 6 , ~ )  t a b l e s  of Baranger and Mozer ( r e f .  1 0 )  f o r  t h e  high-frequency component. 
I n  t h e s e  t a b l e s ,  a  two-body c o r r e l a t i o n  approximation was used t o  account f o r  
s h i e l d i n g  when B i s  t h e  dimensionless f i e l d  s t r e n g t h  E/Eo. Recent ly,  
Hooper ( r e f .  1 7 )  has  ca l cu la t ed  t h e  f i e ld - s t r eng th  d i s t r i b u t i o n  func t ion .  His 
c a l c u l a t i o n s  account f o r  a l l  t h e  h igher  order  c o r r e l a t i o n s  ; however, f o r  small  
Debye sh i e ld ing  parameters y ,  t h e  t a b l e s  of Baranger and Mozer ( r e f .  1 0 )  d i f -  
f e r  very  s l i g h t l y  from those  of Hooper ( r e f .  1 7 ) .  They t a b u l a t e d  H(B,y) f o r  
B from 0 .2  t o  10 and f o r  y from 0  t o  0.8 where y  = d/AD. The fol lowing 
equat ion de f ines  d. 
where N i s  t h e  pe r tu rbe r  d e n s i t y  and X = kT 4 n ~  e  
D ( / i s  t h e  Debye 
length .  The normal f i e l d  s t r e n g t h  Eo i s  def ined by 
Equations (20)  and (21)  a r e  combined t o  y i e l d  
The func t lon  W ( E )  was obta ined  from t h e  t a b l e s  of H(f3,y) by t h e  
r e l a t i o n  
111 
!4'~)17 8  > 10 ,  t h e  asymptotic formula of Baranger and Mozer ( r e f .  1 0 )  was used.  
where = 1 . 4 9 6 ~ - ~ / ~  + 7 . 6 3 9 0 ~ ~  + 21.608 ell/2 + . . . . 
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An empir ica l  co r r ec t ion  t o  t h e  l i n e  p r o f i l e  ;nay be made by fol lowing t h e  
t . ,  2soning of Griem ( r e f .  18), Schlii ter ( r e f .  7 ) ,  ant1 Edmonds, e t  a l .  ( r e f .  8 ) .  
H~re, an at tempt  was made t,o extend t h e  b a s i c  q u a s i s t a t i c  S t a r k  broadening 
theory toward t h e  cen te r  of t h e  l i n e s  by making t h e  e f f e c t i v e  pe r tu rbe r  d e n s i t y  
:L f u ~ c t i o n  of t h e  wavelength. E f fec t ive ly ,  t h i s  makes t h e  l i n e  core a  func t ion  
only of i o n s ,  whereas t h e  wings become dependent on both e l ec t rons  and ions i n  
n smooth t r a n s i t i o n .  The empir ica l  co r r ec t ion  used i s  of t h e  form 
and 
where a  and b  a r e  cons tan ts  t o  be chosen, A v  < A v  i s  t h e  displacement L 
from t h e  l i n e  cen te r  f o r  which impact t rea tment  of t h e  e l ec t rons  i s  appropr i a t e ,  
and A v  > A v L  i s  t h e  range of v a l i d i t y  of t h e  q u a s i s t a t i c  approximation. 
The va lue  of A v  was ca l cu la t ed  by t h e  use of t h e  asymptotic behavior  L 
of W(E) and by averaging over S t a rk  components. For t h e  q u a s i s t a t i c  approxi- 
mation t o  be v a l i d ,  t h e  t ime between c o l l i s i o n s  T = r / v  must be long compared 
with t h e  pe r tu rba t ion  per iod  1 1 2 ~ 1  A V ~  c .  Here, v i s  t h e  v e l o c i t y  and r is 
t h c  d i s t a n c e  of t h e  pe r tu rb ing  p a r t i c l e  which produces t h e  e l e c t r i c  f i e l d .  
Thus, 
1 3 Because E = e / r 2  and - m v2 = - kT, t h e  fol lowing condi t ion  e x i s t s .  
2 e  2 
This condi t ion  i s  t o o  s t r i c t ,  a s  a p rec i se  c a l c u l a t i o n  of t h e  theory  shows. 
It i s  s u f f i c i e n t  t o  have t h e  fol lowing condi t ion  ( r e f .  1 9 ) .  
Values were c a l c u l a t e d  f o r  E/Av and were averaged over a l l  of t h e  S t a r k  com- 
ponents i n  t h e  fol lowing manner. 
where t h e  f a c t o r  i n  t h e  parentheses  i s  a  weight f a c t o r  which weighs t h e  com- 
ponents by t h e  f r a c t i o n a l  i n t e n s i t y  of t h e  component. With t h e  approximation 
E 
MIJ ( j u s t i f i e d  i n  t h e  l i n e a r  S t a r k  e f f e c t  and t h e r e f o r e  only 
s l i g h t l y  dependent on A V )  , t h e  asymptotic expression W(E) - E-512 may be 
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used t o  ob ta in  t h e  approximate expression f o r  t h e  average f i e l d  s t r e n g t h ,  a s  
shown i n  equat ion ( 3 1 ) .  
- - 
Because E i s  only s l i g h t l y  dependent on t h e  va lue  of A v ,  E / A V  may 
be introduced i n t o  t h e  expression f o r  Av I n  t h e  numerical c a l c u l a t i o n ,  a L ' 
component was omit ted i f  it d id  not con t r ibu te  t o  t h e  l i n e  p r o f i l e  i n  t h e  range 
of i n t e r e s t ;  f o r  example, t h e  S (p = 0 )  component was omit ted.  
The technique f o r  extending t h e  range,  f o r  which t h e  q u a s i s t a t i c  theory  
a p p l i e s ,  i s  l i m i t e d  because t h e  p r o f i l e s  a r e  no longer  au tomat ica l ly  normalized 
i f  W(E) has been normalized by t h e  use of a  constant  normal f i e l d  s t r e n g t h  
Eo. To avoid renormal iza t ion  of t h e  l i n e  p r o f i l e ,  W ( E )  was normalized i n  t h e  
fol lowing manner. Taking t h e  normalizat ion condi t ion  
and t ransforming t h e  v a r i a b l e  of i n t e g r a t i o n  t h e  fol lowing i s  ob ta ined  
where IgI i s  t h e  absolu te  va lue  of t h e  Jacobian of t h e  t ransformation.  
Theref o r e ,  
A modified f i e ld - s t r eng th  d i s t r i b u t i o n  may be def ined  a s  
This  d i f f e r s  from t h e  usua l  d e f i n i t i o n  of W(E)  by t h e  Jacobian f a c t o r .  Here 
t h e  normalizat ion i s  preserved. 
I n  c a l c u l a t i n g  t h e  d e r i v a t i v e s  i n  t h e  Jacobian f a c t o r ,  equat ions ( 2 2 ) ,  
( 2 5 ) ,  and (26 )  were used. The dependence of Av on E was found i n  t h e  t a b l e s  
of Pfennig and T r e f f t z  ( r e f .  9 )  f o r  each S t a r k  component. The d e r i v a t i v e  was 
ca l cu la t ed  numerical ly  by f i t t i n g  a  parabola  t o  t h r e e  adjacent  p o i n t s  about E 
and then  by c a l c u l a t i n g  t h e  d e r i v a t i v e  of  t h e  parabola  at E. 
I n  c a l c u l a t i n g  t h e  t h e o r e t i c a l  l i n e  p r o f i l e s ,  equat ion (18) was pro- 
gramed f o r  computation on a  d i g i t a l  computer. The t a b l e s  of l i n e  i n t e n s i t i e s  
hP, displacements Av ( e igenva lues ) ,  and f i e ld - s t r eng th  va lues  E were taken 
from Pfennig and T r e f f t z  ( r e f .  9 ) .  The t a b l e s  were i n t e r p o l a t e d  f o r  interme- 
d i a t e  va lues  of E i n  t h e  i n t e g r a t i o n .  The f i e ld - s t r eng th  d i s t r i b u t i o n -  
m n c t i o n  ~ ( 8 , ~ )  t a b l e s  of Baranger and Mozer ( r e f .  1 0 )  were i n t e r p o l a t e d  
with t h e  ca l cu la t ed  value of y f o r  each f3. The r e s u l t i n g  d i s t r i b u t i o n  was 
then  used i n  t h e  c a l c u l a t i o n  of W ( E )  according t o  equat ion ( 3 6 ) ,  i n t e r p o l a t i n g  
f o r  in te rmedia te  values of E. 
3.0 EXPERIMENT 
3.1  THE APPARATUS 
3 .1 .1  The Arc-Jet F a c i l i t y  
Measurements of t h e  s p e c t r a l  l i n e ,  continuum i n t e n s i t i e s ,  and t h e  l i n e  
p r o f i l e s  were made i n  t h e  1.5-megawatt arc- tunnel  f a c i l i t y  a t  t h e  Manned 
Spacecraf t  Center.  An a r c  h e a t e r ,  shown i n  f i g u r e  1, i s  used t o  hea t  var ious  
gases  t o  high temperatures .  I n  t h e s e  experiments helium was used. 
The a r c  h e a t e r  was designed and b u i l t  by Electro-Optical  Systems, Inc . ,  
under a NASA con t r ac t .  The a r c  hea t e r  c o n s i s t s  of a tungsten-t ipped cathode 
a t  t h e  upstream end, a r e s t r i c t o r  t ube  wi th  an i n s i d e  diameter of 2 cm, a d i -  
vergent con ica l  nozz le ,  and a r i n g  of  anode p ins  i n  t h e  nozzle .  A l l  compo- 
nents  a r e  water cooled. The r e s t r i c t o r  s ec t ion  c o n s i s t s  of  a number of 
annular-r ing,  water-cooled segments made of copper. They a r e  i n s u l a t e d  from 
one another  with boron n i t r i d e  i n s e r t s .  Also, t h e  segments a r e  separa ted  by 
O-ring s e a l s .  The con ica l  nozzle  i s  segmented i n  t h e  same manner as t h e  re-  
s t r i c t o r  s ec t ion .  One of t h e  segments i n  t h e  nozzle c o n s i s t s  of a boron 
n i t r i d e  annular  r i n g  and it has 30 r a d i a l l y  d r i l l e d  holes  which accommodate 
t h e  copper anode p i n s .  Thus, each of t h e  30 r a d i a l  p ins  forms p a r t  of t h e  
anode. Each pin i s  connected i n  s e r i e s  with a 1.4-ohm b a l l a s t  r e s i s t o r ,  which 
in su res  t h a t  t h e  cu r r en t  i s  d iv ided  evenly among t h e  30 p i n s .  
Gas i s  i n j e c t e d  approximately t a n g e n t i a l l y  near  t h e  cathode through an 
en t ry  block made of boron n i t r i d e .  There i s  a secondary-gas i n l e t  approxi- 
mately 1 2  inches downstream from t h e  cathode. This  i n l e t  can be used t o  in- 
t roduce a secondary gas such a s  oxygen. However, i n  t h i s  experiment,  t h i s  
i n l e t  was used t o  i n j e c t  helium. A small  amount of an i n e r t  gas i s  a l s o  

int,l-oduced around t h e  anode p i n s .  This  gas cools  the pins  and t h e  boron n i -  
tride r i n g  which insul.ate:; them from t h e  copper sr1@lr?nt. 
The power app l i ed  t o  t h i s  a r c  h e a t e r  i s  l imited t o  1500 A and 1 MW. 
TI>(. c ~ l r r e n t  l i m i t a t i o n  i s  bec:zuse of t h e  cathode. The tungs ten  t i p  begins t o  
s p a l l a t e  a t  hi.gher cu r r en t s .  The l-T4W limi-t,atioli is  hecause of  t h e  hea t  load  
to  l,he r e s t r i c t o r  s e c t i o n ,  which was designed t o  ctbsorb up t o  320 ICW of corn- 
bined r a d i a t i v e  and convect ive hea t ing .  Ear ly  i n  t h e  experiments,  it was 
!'o~md t,liat 1400 A was t h e  maximum cur ren t  t h a t  could be used r e l i a b l y  because 
of t ,he f a i l u r e  of anode ba . l l a s t - r e s i s to r  elements a t  t h e  p o i n t s  of c3ritar:t 
with t he  wa-ter-cooling--tube f i t t i n g s .  L a t e r ,  a  modi f ica t ion  i n  .the design of 
t hese  f i t t i n g s  e l imina ted  t h i s  problem. Because d a t a  had lieen taken  a t  t h e  
11+00-~ condi t ion ,  it was decided not t o  i nc rease  t h e  c u r r e n t ,  although running 
a t  as high a  power a s  possib1.e was d e s i r a b l e  because t h e  lilasma luminosi ty  in- 
c~-c.-rr;d with an increase iri powel". 
The a r c  h e a t e r  was designed t o  run cn gas--flow rat:?;; of f r i j ln  2 t o  
2G (;/sec. A lower flow l i m i t  i s  neces s i t a t ed  by t h e  incrc-ase i n  hea t ing  t o  
t h e  l e e s t r i c t o r  s ec t ion  a t  very low gas-flow r a t e s .  It was found t h a t  t h e  
max3 mtun gas ent.ha1.p~ ( ca l cu la t ed  by t h e  hc-at-balance method) could be obta ined  
a t  gas-flow r a t e s  of from 2 t o  3 g /sec .  A t o t a l  gas-flow r a t e  ( n o t  inc luding  
anode-~iin b l eed )  of 2.0 g/sec .was chosen. While running on pure helium, a 
f'l:iw ;jf 1 . 5  g / sec  was introc1:lct.d a t  t h e  ca.thodr:, zr;d 0.5 g/sec  was introduced 
i n  t h e  r e s t r i c t o r  s e c t i o n  (secondary i n l e t ) .  An anode-pin bleed of approxi- 
mately 0.5 g/sec of helium was used t o  ex ter r la l ly  cool  t h e  boron n i t r i d e  r i n g .  
Four pressure  t a p s  a r e  I.oca,ted on t h e  a r c  hea t e r  t o  measure pressure .  
One t a p  i s  l oca t ed  near  t he  c :~~thode ,  a second tr? i s  approximately i n  t h e  
c e n t e r  segment of t h e  r e s t r i c t o r ,  a t h i r d  t a p  i s  i n  t h e  " th roa t "  o r  'downstream- 
end segment of t h e  r e s t r i c t o r ,  and t h e  fou r th  t a p  i s  a t  t h e  nozz le  e x i t .  
The i n i t i a l  a r c  discharge i s  begun at a low p res su re  (approximately 
0 .5  t o r r )  and a s t a r t i n g  gas-flow r a t e  of  approximately 0.5 g /sec .  Argon and 
helium have breakdown p o t e n t i a l s  t h a t  a r e  low enough t h a t  an  open-circui t  
vo l tage  of 1000 v o l t s  w i l l  i n i t i a t e  t h e  d ischarge .  Once t h e  d ischarge  i s  es- 
t a b l i s h e d ,  t h e  main gas flow i s  tu rned  on and t h e  s t a r t i n g  f low is t h e n  turned  
o f f .  
The heated gas i s  expanded t o  supersonic v e l o c i t i e s  through t h e  coni- 
c a l  nozzle  i n t o  a vacuum t e s t  chamber. The nozzle  has a fu l l -d ivergence  
angle of approximately 56'. The e x i t  diameter i s  6 inches.  
The vacuum t e s t  chamber and t h e  a r c  h e a t e r  a r e  shown i n  f i g u r e  2. 
The chamber i s  approximately 6 f e e t  i n  diameter and conta ins  apparatus  f o r  
i n s e r t i n g  a b l a t i o n  models and probes i n t o  t h e  j e t .  Mirrors  are mounted i n s i d e  
t o  d i r e c t  l i g h t  from t h e  j e t  o r  a b l a t i o n  models out  through windows i n t o  l i g h t -  
measuring instruments .  The chamber is connected t o  t h e  d i f f u s e r  s e c t i o n  and 
hea t  exchangers,  and then  i s  connected t o  a four-stage s team-ejector  system 
which maintains  a vacuum i n  t h e  system. A l a r g e  va lve ,  l o c a t e d  i n  t h e  vacuum 
l i n e  between t h e  steam e j e c t o r s  and hea t  exchanger, i s  used t o  c o n t r o l  t h e  
pressure  i n s i d e  t h e  t e s t  chamber. The valve i s  e l e c t r i c a l l y  operated from t h e  
con t ro l  room s o  t h a t  t h e  chamber can be i s o l a t e d  from t h e  steam e j e c t o r s  by 
c l o s i n g  t h e  va lve ,  and so t h a t  t h e  p re s su re  i n s i d e  -ihe chamber can be 
l a t e d  by ad jus t ing  t h e  ex t en t  t o  which t h e  valve i s  opened. I n  t h e s e  experi-  
ments, a pressure  of 4.76 t o r r  was maintained i n  t h e  t e s t  chamber and w a s  
measured by a radioisotope-type i o n i z a t i o n  gage ( ~ l ~ h a t r o n ) .  

Power t o  t h e  are  heater was supplied by a 1.7-MW ac and dc power 
supply operated i n  t h e  dc mode. This power supply w i l l  operate i n  th ree  
bas ic  dc configurat ions ( t a b l e  I ) .  Follr p a i r s  of modules i n  p a r a l l e l  can be 
l inked t o  provide t h e  cwren t  and voltage combinations shown i n  t a b l e  I. 
The current  i s  control led  by saturable-core reactors  on t h e  ac s i d e  of 
t h e  power supply. Rec t i f i ca t ion  i s  accomplished by t h e  use of three-phase sil-  
icon diode bridge networks. 
The a rc  hea te r ,  t e s t  chamber, and heat  exchanger a re  cooled by 500-psi 
deionized water flowing i n  a closed system. This water i s  then cooled through 
a water-to-water heat  exchanger which i s  supplied by a secondary open-loop wa- 
t e r  system. A s m a l l  amount of water i s  continually rec i rcu la ted  through 
deionizers.  Deionization of t h e  water i s  necessary t o  prevent buildup of 
mineral deposits  i n  t h e  arc  heater  and other  water passages and t o  minimize 
t h e  water conductivity. 
3.1.2 The F a c i l i t y  Instrumentation 
and Measurement Techniques 
The f a c i l i t y  instrumentation consis ts  of various types of t ransducers 
f o r  measuring pressures ,  temperatures, flow r a t e s ,  voltages,  and so f o r t h .  
The e l e c t r i c a l  output s igna l s  from these  instruments a r e  recorded on a 
50-channel analog-to-digital magnetic tape  recorder. The magnetic tapes  of 
data  are then processed on a d i g i t a l  computer i n  t h e  MSC computation center .  
A sample of t h e  computer output i s  shown i n  t a b l e  11. The time-averaged val- 
ues and minimum and m u i m u m  values of each measured quanti ty a re  given. The 
va r ia t ions  indicated by t h e  minima and maxima a re  caused by noise and d r i f t  
( f o r  nominally constant q u a n t i t i e s ) .  

TABLE 11.- SAMPLE DATA FROM DATA REDUCTION COMPUTER PROGRAM 
National Aeronautics and Space Administration 
Manned Spacecraft  Center - Houston 
Experimental Heat Transfer  Sect ion  
S t a t i s t i c a l  Report Number of Samples 1915 
Test Run 423 Run 4230007 Tape 52676 
Time Seconds Date 
S t a r t i n g  2.6062 12-19-68 
Ending 64.3764 12-19-68 
Measurement Description Aver age Units Range 
Event 
Main H20 Temp I n  
Arc Heater HiO Temp Out 
Delta  T 
Arc Heater H 0 Flow 2 
Mid-Con Helium Flow 
Cathode Helium Flow 
Voltage 
Current 
Nozzle Pressure 
Throat Pressure 
Mid-Construct ion Pressure 
Cathode Pressure 
Chamber Alphatron 
Nozzle Alphatron 
I n t e n s i t y  
Abel Scan Posi t ion  
Abel Scan Cornand 
Deg . F 
Deg . F 
Deg . F 
lb / sec  
lb / sec  
lb / sec  
Volts 
b p s  
Torr 
Torr 
Torr 
Torr 
Torr 
Torr 
MV 
MV 
MV 
The measurements of the  s p e c t r a l  l i n e s  were made a t  one s e t  of run 
condit ions;  the re fo re ,  t h e  values shorn a r e  considered standard and t y p i c a l .  
The instruments used t o  measure f a c i l i t y  parameters a r e  described a s  
follows. Copper-constantan therinocouples a r e  used t o  measure water tempera- 
t u r e s .  The temperature increase i n  t h e  water which flows through t h e  a r c  
heater  i s  measured by a thermopile, t h e  output of which i s  a m i l l i v o l t  s i g n a l  
t h a t  i s  approximately proport ional  t o  t h e  temperature d i f ference  between t h e  
water i n l e t  and t h e  water o u t l e t .  
Water-flow r a t e s  a r e  measured by turbine-type flowmeters, t h e  output 
of which i s  a frequency t h a t  i s  proport ional  t o  t h e  flow r a t e .  This sinus- 
oided s i g n a l  i s  converted t o  a dc s i g n a l  by a frequency-to-analog converter.  
Gas-flow r a t e s  of t h e  primary gases a r e  measured by t h e  sonic-or i f ice  tech- 
nique. The pressure upstream of a ca l ib ra ted  o r i f i c e  i s  measured with a 
strain-gage-type pressure transducer.  The flow r a t e  i s  then ca lcula ted  by t h e  
use of the  sonic-or i f ice  equation 
where i i s  the  mass-flow r a t e ,  
*e f f  i s  the  e f f e c t i v e  o r i f i c e  area ,  P i s  
the  upstream pressure ,  R i s  the  pe r fec t  gas constant ,  T is  t h e  temperature, 
and y i s  t h e  r a t i o  of s p e c i f i c  hea t s  of t h e  gas. For t h i s  formula t o  be v a l i d ,  
the  upstream pressure must exceed t h e  downstream pressure a t  l e a s t  by about a 
f ac to r  of two. 
The current  through t h e  a r c  hea te r  was determined by measuring t h e  
p o t e n t i a l  drop across a ca l ib ra ted  r e s i s t o r  which was i n  s e r i e s  with the  a r c  
heater .  This voltage was t rmsduced by an i s o l a t i n g  device, t h e  dc output of 
which i s  p ropor t iona l  t o  t h e  dz  i n p u t ,  The p o t e n t i a l  drop ac ros s  t h e  a r c  
h e a t e r  w a s  measured by a s i m i l a r  t r ansduce r ,  I s o l a t i o n  of t h e  recorder  from 
t h e  a r c  hea t e r  power supply was necessary f o r  s a f e t y  reasons and t o  p r o t e c t  t h e  
recorder  from poss ib l e  la rge-cur ren t  ground Poops. 
The nozzle-exi t  p ressure  and t h e  test-chamber p re s su re  were measured by 
an Alphatron i o n i z a t i o n  gage. The o t h e r  p re s su re s  i n  t h e  system were measured 
by strain-gage-type p re s su re  t ransducers .  
A measure of t h e  n e t  energy introduced i n t o  t h e  gas by t h e  a r c  h e a t e r  
i s  t h e  heat-balance enthalpy.  1% is  defined by t h e  equat ion 
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where I i s  t h e  cu r r en t  ac ros s  t h e  a r c  h e a t e r ,  V i s  t h e  vol tage  across  t h e  
a r c  h e a t e r ,  C i s  t h e  s p e c i f i c  hea t  of water ,  AT i s  t h e  temperature in- 
P 
c rease  of t h e  cool ing water  through t h e  a r c  h e a t e r ,  & i s  gas-flow r a t e ,  and 
g 
& i s  t h e  cooling-water flow r a t e  through t h e  a r c  h e a t e r .  S t r i c t l y  speaking, 
W 
t h i s  is  not t h e  a c t u a l  thermodynamic enthalpy,  because it i s  a quan t i t y  aver- 
aged over  t h e  l eng th  of t h e  a r c  h e a t e r  and t h e  pressure  i s  not cons tan t  over 
t h e  length of t h e  a r c  hea t e r .  I n  t h e s e  experiments h = 1.81 * 0.05 x 
1012 erg/g.  The s tandard  e r r o r  i s  given here along wi th  t h e  ca l cu la t ed  values.  
Another measure of t h e  s t agna t ion  enthalpy i s  given by t h e  sonic- 
t h r o a t  equat ion ( r e f .  2 0 ) .  
(39) 
This equation is based on the assumption that the gas behaves as a perfect 
2 
gas. P is standard atmospheric pressure, 2115 Lb/ft ; A" is the area of 
0 
the sonic-nozzle throat, ft2; end Pt is the stagnation pressure, atmospheres. 
The two numbers in parentheses are conversion factors. In these experiments 
12 hs = 1.95 * 0.09 x 10 erg/g. This technique for determining the stagnation 
enthalpy is only an approximation because of the following factors. The gas 
is not strictly perfect, because there is some ionization, No true stagnation 
pressure exists, because there is a pressure gradient along the length of the 
restrictor. The pressure measured at the cathode was used in the sonic-throat 
equation; it is considered that this pressure is most representative of a 
stagnation pressure, because the gas velocity is lowest at that location. 
3.1.3 The Spectroscopic Instrumentation 
The spectroscopic data were obtained by the use of a Jarrel-Ash 3.4-m 
Ebert stigmatic spectrograph. This instrument has both photographic and photo- 
electric capability. A grating having 590 lineslmm and an effective aperture 
of 114 mm was used, yielding a total of 67 260 rulings. The spectrograph has 
0 
a reciprocal dispersion of 5.05 A/mm in the first order with this grating. 
Photographic plates were used to identify the spectra and for qualitative 
evaluation of the spectra. 
A sine bar-grating drive rotates the grating so that the spectral line 
scans across the exit slit linearly in time or with shaft rotation when a 
constant-speed motor drives the sine-bar lead screw. Various combinations of 
entrance-slit and exit-slit widths were used during these experiments. The 
choice depended on the type of measurement and on the width of the spectral 
lines being measured. It was desirable to use as wide a slit as possible, 
narrow enough t o  s u f f i c i e n t l y  r e so lve  t h e  l i n e  i n  ques t ion .  It was f o r t u i t o u s  
t h a t  t h e  weaker l i n e s  were broader ,  s o  t h a t w i d e r  s l i t s  could be used t o  in-  
c rease  s i g n a l  s t r e n g t h ,  
P h o t o e l e c t r i c  measurements were made us ing  an EMI-6255~ photomult i- 
p l i e r  t ube  t h a t  has  an S-13 response. The anode was connected through a l M R  
r e s i s t o r  t o  ground, 
The r e s u l t a n t  s i g n a l  was connected t o  t h e  input  of t h e  phase-sens i t ive  
lock-in ampl i f i e r .  The l i g h t  going t o  t h e  spectrograph was i n t e r r u p t e d  a t  a 
r a t e  of 1 0  800 Hz by a l i g h t  chopper t h a t  was mounted next t o  t h e  en t rance  
s l i t .  The l i g h t  chopper had an output  s i g n a l  t h a t  was used as a r e f e rence  by 
t h e  ampl i f i e r .  Pos i t i on ing  t h e  chopper i n  f r o n t  of t h e  en t rance  s l i t  was very 
c r i t i c a l ,  because openings i n  t h e  b lades  were small .  There were 180 openings 
near  t h e  per iphery  of t h e  9-inch-diameter chopper blade.  Vibra t ion  induced 
i n t o  t h e  spectrograph when t h e  chopper w a s  mounted d i r e c t l y  t o  t h e  o p t i c a l  
bench was s e r i o u s  enough t o  cause f l u c t u a t i o n s  i n  t h e  output s i g n a l  when us ing  
narrow s l i t s .  To e l imina te  t h i s  problem, t h e  chopper was mounted on a support 
which was i s o l a t e d  from t h e  spectrograph.  A schematic of t h e  a r c  t u n n e l ,  
spectrometer ,  and o p t i c a l  pa th  i s  shown i n  f i g u r e  3. 
The o p t i c a l  pa th  passed from t h e  a r c  j e t  Fc through two mi r ro r s ,  Ml 
and M2. These two mir rors  were needed s o  t h a t  a region 5-inches from t h e  noz- 
z l e  e x i t  plane could be viewed perpendicular ly  t o  t h e  a x i s  of t h e  j e t .  The 
window i n  t h e  tunne l  had a diameter of 7 inches ,  and i t s  cen te r  was 9 inches 
from t h e  nozzle  e x i t  plane. The window was made of fused s i l i c a .  
Af te r  t h e  l i g h t  passed from t h e  t u n n e l ,  t h e  image was r o t a t e d  90° i n  
a plane perpendicular  t o  t h e  o p t i c a l  ax i s  by a p a i r  of mir rors .  At t h e  sane 
t ime ,  t h e  o p t i c a l  a x i s  was d i r e c t e d  t o  t h e  scanning mir ror  KHe Rota t ion  of 

JJ- 
t h e  image was necessary so t h a t  t h e  image of t h e  h o r i z o n t a l  j e t  could be made 
t o  l i e  along t h e  l eng th  of a v e r t i c a l  en t rance  s l i t ,  
The scanning mir ror  was dr iven  by a  s tepping  motor, and i t s  angular  
r o t a t i o n  was sensed by a s ingle- turn  r e s i s t i v e - f i l m  potent iometer  which had a  
l i n e a r i t y  of '0.01 percent .  The angle of r o t a t i o n  of t h e  mir ror  r equ i r ed  t o  
scan from one s i d e  of t h e  j e t  t o  t h e  o the r  s i d e  ( a  d i s t ance  of 1 4  cm) was 2.6O. 
Therefore ,  t h e  accuracy i n  mi r ro r  p o s i t i o n  was reduced t o  '1.4 percent  of f u l l  
d e f l e c t  i o n ,  neglec t ing  any o t h e r  sources of e r r o r .  
From t h e  scan mi r ro r ,  t h e  l i g h t  was d i r e c t e d  through a 70-mm-diameter 
c o l l e c t i n g  l e n s ,  L1, then  t o  a  30-mm-diameter focusing l e n s ,  L2, t hen  t o  t h e  
chopper and en t rance  s l i t  o f  t h e  spectrometer.  A l l  l enses  were made of  fused  
s i l i c a  t o  provide t ransmiss ion  i n  t h e  near  u l t r a v i o l e t .  A l l  m i r ro r s  were 
f i r s t - s u r f a c e  mir rors  depos i ted  wi th  pure aluminum and were without overcoat .  
It was found t h a t  t h e  mir rors  i n s i d e  t h e  t e s t  chamber had t o  be replaced oc- 
c a s i o n a l l y ,  because a  f i l m  depos i ted  on t h e i r  su r f aces .  This f i l m  was prob- 
ab ly  a  product of a b l a t i o n  which had condensed onto su r f aces  of t h e  t e s t  
chamber during previous runs during which a b l a t i o n  ma te r i a l s  were t e s t e d .  
However, it should be pointed out  t h a t  no evidence of a b l a t i o n  products  ap- 
peared i n  t h e  long-exposure spectrograms. The only i d e n t i f i a b l e  impur i t i e s  
t h a t  were de tec ted  i n  t h e  s p e c t r a  were a weak OH band i n  t h e  s p e c t r a l  range of 
0 4- 0 3063 t o  3400 A and a very weak N p  bandhead near  3900 A. This  probably came 
from water  vapor which had d i f fused  i n t o  t h e  t e s t  chamber from t h e  steam e jec-  
t o r s  and small  a i r  l eaks .  
Reference sources and c a l i b r a t i o n  sources were placed a t  t h e  f o c a l  
plane PR, Likewise, an i r o n  a r c  was loca t ed  t h e r e  when t h e  o p t i c s  were being 
a l ined .  A ribbon-filament lamp was a l s o  placed a t  t h e  f o c a l  p lane  P C ,  i n  t h e  
chamber f o r  use a s  a  c a l i b r a t i o n  source t o  determine t h e  s p e c t r a l  t ransmission 
of t h e  o p t i c a l  pa th .  To determine t h e  l a r g e s t  s l i t  he ight  u sab le  while  c a l i -  
b r a t i n g  with t h e  source a t  Fc ' t h e  photomul t ip l ie r  ou tput  was measured com- 
pared with t h e  s l i t  he igh t .  The r e s u l t s  were p l o t t e d ,  and t h e  curve was 
l i n e a r  up t o  a  he ight  of approximately 7 mm. Therefore,  a 7-mm s l i t  he ight  
was used when c a l i b r a t i n g  t h e  o p t i c a l  pa th .  
To v e r i f y  t h a t  t h e  t ransmiss ion  func t ion  of t h e  o p t i c s  would remain 
t h e  same f o r  any po r t ion  of t h e  j e t  i n  a  plane perpendicular  t o  t h e  a x i s  of 
t h e  j e t ,  t h e  lamp was centered  approximately 10 cm above, 10 cm below and on 
t h e  j e t  a x i s .  The v a r i a t i o n  i n  t h e  s i g n a l  from one p o s i t i o n  t o  another  was 
l e s s  than  '1 percent .  The r ad ius  of t h e  luminous j e t  was 2.75 inches (6.99 cm) 
a t  t h e  p o s i t i o n  5 inches from t h e  nozzle  e x i t  plane.  This  was determined by 
i n s e r t i n g  a  water-cooled probe i n t o  t h e  j e t  a t  t h e  lower v i s i b l e  boundary, 
then  a t  t h e  upper boundary, and t ak ing  t h e  d i f f e r ence  i n  probe pos i t i on .  The 
probe was pos i t ioned  electromechanical ly  by a  servo system. 
To ob ta in  Abel-inverted l i n e  p r o f i l e s ,  t h e  scan mir ror  and t h e  g r a t i n g  
were pos i t ioned  sequen t i a l l y  by a  programable stepping-motor indexer .  This  
device drove both t h e  grat ing-scan s tepping  motor and t h e  posi t ion-scan s tep-  
ping motor. The motor s h a f t  r o t a t e d  1.8O per  s t e p .  The motors were connected 
t o  t he  g r a t i n g  d r ive  and t h e  scan mirror  through reduct ion  gears  t o  ob ta in  t h e  
very small  r o t a t i o n s  necessary f o r  scanning. A magnetic c l u t c h  was used i n  
t h e  gra t ing-dr ive  l inkage  so  t h a t  t h e  g r a t i n g  could be  r o t a t e d  manually from 
one l i n e  t o  another  without having t o  disconnect t h e  motor. A drawing of t h e  
( ~ b e l )  position-scan-drive assembly i s  shown i n  f i g u r e  4. 
The pos i t ion-  ( o r  ~ b e l )  scan motor was stepped a  p r e s e t  number, N 
s t e p s ,  M t imes .  After  each N s t e p s ,  t h e  motor stopped f o r  a  p re se t  t ime,  t .  
Potentiometer 
I 
Figure 4,- Position (~bel) scan-drive assembly which rotates 
the mirror %, to scan the jet, 
The dura t ion  of t ime was determined by t h e  t ime cons tan t  of t h e  a m p l i f i e r .  
A longer  t ime constant  was used when scanning weak l i n e s .  M of t h e  s t o p s  com- 
p l e t e s  one scan  of t h e  j e t .  Then, t h e  g r a t i n g  w a s  incremented K s t e p s ,  cor- 
responding t o  t h e  d e s i r e d  wavelength increment. The wavelength increment w a s  
determined by t h e  breadth  of t h e  l i n e  and t h e  r e s o l u t i o n  des i red .  This  whole 
sequence was repea ted  L number of t imes .  L was determined by t h e  number of  
increments r equ i r ed  t o  scan across  t h e  l i n e ,  o r  p a r t  of a  l i n e  i n  t h e  c a s e  
t h a t  a  s i n g l e  l i n e  was scanned piecewise. A piecewise-scan technique was used 
t o  ob ta in  a  d i f f e r e n t  s e n s i t i v i t y  range of t h e  ampl i f i e r  f o r  d i f f e r e n t  por- 
t i o n s  of t h e  l i n e .  While t h e  motors a r e  stopped a t  each p o s i t i o n  during a 
scan of t h e  j e t ,  t h e  indexer outputs  a  dc s i g n a l  t o  one channel of t h e  re- 
corder .  This  s igna led  t h e  computer when t o  accept  t h e  i n t e n s i t y  and p o s i t i o n  
d a t a  which were recorded i n  o t h e r  channels.  The p o s i t i o n  was sensed by t h e  
potent iometer  previously mentioned. Each f r a c t i o n  of t h e  potent iometer  r e -  
s i s t a n c e  formed one s i d e  of a  Wheatstone b r idge ,  such t h a t  t h e  output  of t h e  
network was p ropor t iona l  t o  t h e  p o s i t i o n  ( f i g .  5 ) .  
The scan-mirror assembly was c a l i b r a t e d  by focusing an a r c ,  l oca t ed  a t  
t h e  f o c a l  p l ane ,  FR, onto f o c a l  p lane  Fc. The d i s t ance  t h e  image t r a v e l e d  
i n  a  given number of s t e p s  was measured seve ra l  t imes .  The average r e s u l t e d  
i n  a  d i s t ance  of 0.0398 k 0.0004 cm/step. The g r a t i n g  d r ive  was c a l i b r a t e d  by 
r o t a t i n g  t h e  s h a f t  a  c e r t a i n  number of t u r n s  ( o r  s t e p s ) ,  and record ing  t h e  
corresponding wavelength d i f fe rence .  This  r e s u l t e d  i n  a  c a l i b r a t i o n  of 
0 
0.0025 * 1 percent  A/step.  
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3.2 THE SPECTROSCOPIC MEASUREMENTS 
The region of t h e  j e t  i n  which t h e  s p e c t r a l  measurements were made i s  
shown i n  f i g u r e  6; t h e  r ec t angu la r  over lay  denotes t h e  reg ion  scanned by t h e  
en t rance  s l i t  f o r  t h e  Abel-inversion measurements. The width of  t h e  r ec t ang le  
i s  t h e  he ight  of t h e  s l i t  image p ro j ec t ed  onto t h e  j e t .  This  reg ion  i s  down- 
s t ream of an expansion shock wave, which i s  a l s o  shown on t h e  overlay.  The 
outer  edge of t h e  j e t  cannot be seen i n  t h i s  photograph because t h e  exposure 
was reduced t o  r e v e a l  t h e  shock wave more c l e a r l y .  
3 .2 .1  Line I n t e n s i t i e s  
The t o t a l - i n t e n s i t y  j e t  p r o f i l e s  of s e v e r a l  l i n e s  were measured by t h e  
use of t h e  Abel-scan mechanism. These measurements were made f o r  a wide e x i t  
s l i t  ( 2 0 5 ~ )  and a somewhat narrower ( 5 0 ~ )  en t rance  s l i t .  This  f a c i l i t a t e d  
measuring t h e  t o t a l  i n t e n s i t y  a t  t h e  peak wavelength ( c a l i b r a t i o n s  a r e  given 
i n  appendix A ) .  
A scan across  t h e  l i n e  w a s  made t o  determine t h e  ex t en t  of t h e  l i n e  i n  
wavelength and t o  determine t h e  constancy of t h e  background continuum i n  t h e  
neighborhood of t h e  l i n e .  Then, t h e  l i n e  was centered on t h e  e x i t  s l i t  and an 
Abel-scan across  t h e  j e t  was made. Another scan was made of t h e  background 
continuum a few angstroms from t h e  l i n e .  Af te r  performing t h e  numerical Abel- 
invers ions  of t hese  d a t a ,  t h e  Abel-inverted-background continuum s i g n a l  was 
sub t r ac t ed  from t h e  Abel-inverted t o t a l  l i n e - i n t e n s i t y  s i g n a l .  The ne t  s i g n a l  
was converted t o  t h e  t o t a l  l i n e  i n t e n s i t y  i n  proper u n i t s  by t h e  use  of equa- 
t i o n  ( ~ 1 6 ) .  
Figure 6.- Photograph of portion of jet which is scanned by the spectro- 
meter. The area scanned is denoted by the superimposed rectangle. 
The conical expansion.shock wave is denoted, and it makes an angle of 
approximately 30' with the jet axis. The outer edge of the jet is 
not visible here because the exposure was reduced to enhance the 
appearance of the shock wave in t h e  original photograph, 
3.2.2  Line P r o f i l e s  
The shapes of a number of l i n e  p r o f i l e s  were measured wi th  t h e  c e n t e r  
l i n e  of t h e  a r c  j e t  focused on t h e  en t rance  s l i t .  This  measurement y i e lded  an 
average p r o f i l e  over  a diameter o f  t h e  j e t .  Two techniques were used t o  scan  
t h e  l i n e .  The f i r s t  method involved a scan of t h e  e n t i r e  l i n e  a t  a cons tan t  
s tepping  r a t e  and on a s i n g l e  ampl i f i e r - sens i t i v i ty  s e t t i n g .  The second meth- 
od involved a scan of t h e  l i n e  piecewise,  changing t h e  ampl i f i e r  s e n s i t i v i t y  
t o  take f u l l  advantage of t h e  ampl i f i e r  accuracy on each range. The s tepping  
r a t e  and ampl i f i e r  t ime cons tan t  were ad jus t ed  t o  o b t a i n  t h e  b e s t  s ignal- to-  
no ise  r a t i o  of t h e  output cons i s t en t  wi th  a reasonable r a t e  of acqui r ing  t h e  
da t a .  The scan  w a s  continued u n t i l  a minimum o r  a constant  s i g n a l  was ob- 
t a ined .  This  minimum constant  s i g n a l  was taken t o  be  t h e  background-continuum 
s i g n a l  l e v e l .  The continuum s i g n a l  was sub t r ac t ed  from t h e  scan s i g n a l  t o  ob- 
t a i n  t h e  t r u e  s p e c t r a l  p r o f i l e  of  t h e  l i n e s .  I n  t h e  case  of weak l i n e s ,  t h i s  
was d i f f i c u l t  t o  do accu ra t e ly  because t h e  s i g n a l  becomes l e s s  t han  t h e  noise .  
Therefore,  i n  t h e  case of weak l i n e s ,  t h e  accuracy i n  t h e  f a r  wings s u f f e r s .  
I n  add i t i on ,  overlapping of l i n e s  caused d i f f i c u l t i e s  i n  some cases .  
3 .2 .3  Abel-Inverted Line P r o f i l e s  
To ob ta in  p r o f i l e s  t h a t  represented  t h e  l i n e  shape i n  a homogeneous 
plasma ( t h a t  i s ,  a p r o f i l e  which i s  no t  an average over inhomogeneous l a y e r s ) ,  
it was necessary t o  Abel-invert  t h e  p r o f i l e s .  The apparatus  and t h e  sequence 
of t h e  scans a r e  descr ibed i n  Sec t ion  3.1.3,  The Spectroscopic Instrumentat ion.  
A sample of t h e  d a t a  i s  shown i n  f i gu re  7; t h e  i n t e n s i t y ,  p o s i t i o n ,  
and command s i g n a l  a r e  shown. The u n i t s  a r e  i n  m i l l i v o l t s  compared wi th  t ime 
( s e c ) ,  These raw d a t a  were reduced by computer according t o  t h e  fol lowing 
scheme. The d a t a  j u s t  mentioned were read  o f f  t h e  magnetic t a p e  i n  d i g i t a l  
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Figure 7. -  Sample Abel profile data showing scans of the jet at 3 wavelengths 
in a line profile out of a total of approximately 100 required to make a 
complete Abel-inverted line-profile measurement. Fifty-eight steps are  
in each Abel scan, The command signal >9O rnV denotes a point In the scan, 
form, Only t h e  da t a  t h a t  were f lagged by t h e  command channel were sampled. 
I n  a d d i t i o n ,  t h e  p o s i t i o n  was r equ i r ed  t o  be wi th in  t h e  j e t  r a d i u s  R.  A 
counter  kept t racir  of t h e  number of samples i n  a  scan of t h e  j e t  so  t h a t  t h i s  
process  was repeated f o r  each scan. By t h e  use  of c a l i b r a t i o n  f a c t o r s ,  t h e  
raw p o s i t i o n  d a t a  were converted t o  cent imeters  and t h e  i n t e n s i t i e s  and cor- 
responding pos i t i ons  were s t o r e d  on t a p e  f o r  each scan. 
To reduce t h e  unce r t a in ty  i n  determining t h e  cen te r  of t h e  j e t ,  t h e  
cen te r  p o s i t i o n  was found by ca l cu la t ing  t h e  cen t ro id  
where I ( ~ ~ )  i s  t h e  measured i n t e n s i t y  a t  t h e  corresponding p o s i t i o n  y  i' 
The cor rec ted  pos i t i ons  were then  yl = yi - yo.  The l i g h t  s c a t t e r e d  and re-  
f l e c t e d  by t h e  wal l s  of t h e  chamber was accounted f o r  by scanning beyond t h e  
j e t  r a d i u s ,  R ,  approximately 1 cm above and below t h e  j e t ,  and averaging 
those  measured i n t e n s i t i e s  xcrhich were ou t s ide  t h e  j e t  diameter .  This  average 
was sub t r ac t ed  from t h e  i n t e n s i t y  da t a .  
The d a t a  were then  Abel-inverted according t o  t h e  method descr ibed  i n  
appendix B.  
3 . 2 . 4  Continuum Measurements 
0 
The s e r i e s  l i m i t  continuum was scanned from 3500 t o  3200 A. This  w a s  
done by t h e  use of an e x i t  s l i t  width of 7 5 ~ .  The absolu te  c a l i b r a t i o n  is  
described i n  appendix A .  One d i f f i c u l t y  i n  making t h i s  measurement was t h e  
0 
rather weak signal in the range of 3300 to 3100 A and an impurity band OH 
2 3 A - X n ) ,  which has a bandhead at 3063 A and is degraded toward the red . 
(fig. 8). 
The Abel-inverted absolute-intensity profiles of the jet were measured 
in the series-limit continuum and in the continuum near each of the Abel- 
scanned lines, as was mentioned in Section 3.2.1, Line Intensities. These 
latter measurements were made with an entrance slit of 50p and an exit slit 
width of 205~. Inasmuch as the intensity of the continuum was weak, it was 
necessary to scan slowly. This required averaging times of 1 to 3 seconds per 
position to smooth the data. 
3.2.5 Instrument Profiles 
To account for the instrument broadening in the measured profiles, it 
was necessary to measure the instrument profile for each configuration that 
was used in 'the experiments. It was found that the instrument profile need 
not be taken into consideration in a number of cases, because many of the 
lines were much broader than was the instrument profile. The instrument pro- 
file can be measured by profiling a spectral line whose width is significantly 
less than that of the instrument profile. The profile which is measured is 
the folding of the line profile with the instrument profile 
where P(X) is the instrument profile and S(X) is the profile of the source 
line. Because S ( X )  is much narrower than P(x), it acts like the Dirac 
delta function in the integration, so that when carrying out the integration 
Figure 8.- Photographic spectra of arc jet. Parts (a) and (d) are spectra 
of a mixture of 97 percent He and 3 percent H Parts (b), (c), (e), and 2 ' 
(f) are pure helium spectra, made with differing exposures and slit widths 
to show both faint and strong lines, respectively. Parts (d), (e), and 
(f), are the longer wavelength extensions of parts (a), (b), and ( c ) ,  
respectively. The sharp, faint lines adjacent to the primary spectra 
are made with a He low-pressure discharge for reference. The "Forbidden" 
5 designation refers to the n P Stark component of the corresponding 
3 3 2 P - n D lines. 
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Figure 8.- Concluded, 
I(X) = P(X) i s  obtained.  This  j u s t i f i e s  t h e  assumption t h a t  t h i s  measured 
p r o f i l e  can be used a s  t h e  instrument p r o f i l e ,  
The l i n e  used i n  t h e s e  experiments f o r  measuring t h e  instrument pro- 
0 
f i l e  was t h e  4358-~ l i n e  of a low p res su re  J3glg8 radiofrequency d ischarge .  
The l i n e  from t h i s  source i s  one of t h e  narrowest a v a i l a b l e ,  having a  width of 
0 
only approximately 0.004 A. The lamp was exc i t ed  by a  60-watt t r a n s m i t t e r  
ope ra t ing  cont inuously at a  frequency of approximately 28 MHZ. 
To v e r i f y  t h a t  t h e  spectrometer  was c o r r e c t l y  a l i n e d  and t h a t  t h e  
source was indeed narrow, t h e  widths of t h e  measured p r o f i l e s  were compared 
wi th  those  c a l c u l a t e d  t h e o r e t i c a l l y .  The t h e o r e t i c a l  curves of Rolf Brahde 
( r e f .  21)  were used. These curves a r e  t h e  r e s u l t  of f o l d i n g  t h e  en t rance  and 
e x i t  s l i t s  wi th  t h e  d i f f r a c t i o n  p r o f i l e  of a  r ec t angu la r  opening. The g r a t i n g  
was t h e  l i m i t i n g  o p t i c  i n  t h i s  case.  
The measured instrument f u l l  h a l f  widths a r e  compared wi th  t h e  theo- 
r e t i c a l  i n  t a b l e  111. The measured values a r e  c o n s i s t e n t  wi th  t h e  t h e o r e t i c a l ,  
except i n  t h e  case  of t h e  25p s l i t .  Good alignment was e s s e n t i a l  f o r  ob ta in ing  
t h e  narrowest and most symmetrical p r o f i l e s ,  and t h e  focus was a l s o  c r i t i c a l .  
TABLE 111.- COMPARISON OF THE EXPERIMENTAL MJD THEORETICAL 
INSTRUMENT PROFILE FULL WIDTHS AT HALF HEIGHT 
a Calculated by t h e  use of simple r e c t a n g u l a r - s l i t  approximation not  t ak ing  
d i f f r a c t i o n  i n t o  account.  
b ~ a l c u l a t e d  t ak ing  d i f f r a c t i o n  i n t o  account ( r e f .  2 1 ) .  
DISCUSSION OF RESULTS AND COMPARISON 
OF EXPERIME3JT WITH TKEORY 
4 , l  LINE INTENSITIES AND TEMPERATURE PROFILES 
4 .1 .1  Determination of  Temperature P r o f i l e  
from Line I n t e n s i t i e s  
To determine t h e  e l e c t r o n  temperature d i s t r i b u t i o n  i n  t h e  j e t  a s  a  
func t ion  of r a d i u s ,  e i g h t  narrow helium l i n e s  were scanned i n  wavelength us- 
ing  a wide e x i t  s l i t .  These measurements were made a t  a s i n g l e  j e t  p o s i t i o n  
through t h e  j e t  cen te r  l i n e .  From t h e s e  measurements, an e f f e c t i v e  s p e c t r a l  
s l i t  width w was determined by use of t h e  r e l a t i o n  (appendix A )  
Use of a  wide e x i t  s l i t  and t h i s  c a l i b r a t i o n  f a c i l i t a t e d  t h e  use o f  a s i n g l e  
peak-wavelength measurement a t  each p o s i t i o n .  The charac te r  of t h e  back- 
ground continuum was a l s o  determined, and it was found t h a t  t h e  continuum 
e s s e n t i a l l y  w a s  constant  i n  t h e  neighborhood of  each l i n e .  
The j e t  was scanned perpendicular  t o  t h e  a x i s  t o  ob ta in  t h e  r a d i a l -  
i n t e n s i t y  p r o f i l e  of each l i n e  by Abel-inversion. S imi l a r ly ,  t h e  r a d i a l  
p r o f i l e  of  t h e  background continuum of each l i n e  was obtained.  The r e s u l t i n g  
i n t e n s i t i e s  were c a l i b r a t e d  by use of t h e  methods descr ibed i n  Sec t ion  3 .2 .1 ,  
Line I n t e n s i t i e s  and appendix A. The temperatures  a t  10 r a d i a l  p o s i t i o n s  
were determined by making 2 leas t - squares  f i t  o f  t h e  d a t a  f o r  each r ad ius  t o  
t h e  logar i thm of equat ion ( I ) .  The s lopes  of t h e s e  s t r a i g h t  l i n e s  equal  1/m. 
The r a d i a l  temperature d i s t r i b u t i o n  i s  shown i n  f i g u r e  9.  The e r r o r  b a r s  
denote t h e  s tandard  dev ia t ions ,  which a t  t h e  cen te r  l i n e ,  amount t o  an e r r o r  
4 7 
Nortnalized radius, r/R 
Figure 9.- Elec t ron  temperature,  determined from Boltzmann p l o t s  corresponding 
t o  each r ad ius  r / R .  Er ror  ba r s  denote t h e  s tandard dev ia t ion .  
cf 17.3 pe rcen t .  The determinzt ion of t h e  s tandard  dev ia t ion  was made using 
s t<mdard  e r ror -"ana lys is  techniques such a s  those  found i n  Barford ( r e f .  22). 
These e r r o r s  a r e  based on t h e  s c a t t e r  i n  t h e  f i n a l  r e s u l t s  of t h e  c a l i b r a t e d  
i i l t e n s i t i e s ,  and, t h e r e f o r e ,  they  inc lude  a l l  sources of random e r r o r s .  It  
i s  assumed t h a t  any sys temat ic  e r r o r s  a r e  small  i n  comparison. Within t h e  
l i m i t s  of experimental e r r o r ,  t h e r e  was no curva ture  t o  t h e  p l o t  of log  
3 ( i h  /@) compared with EU, where I i s  t h e  r e l a t i v e  t o t a l  l i n e  i n t e n s i t y ,  
g i s  t h e  s t a t i s t i c a l  weight of  t h e  lower energy l e v e l ,  f  i s  t h e  absorpt ion-  
o s c i l l a t o r  s t r e n g t h ,  and EU i s  t h e  upper energy l e v e l  of t h e  t r a n s i t i o n .  
The f a c t  t h a t  t h e r e  was no curva ture  i s  cons i s t en t  with t h e  assumption of 
l o c a l  thermodynamic equi l ibr ium of t h e  e l ec t rons  i n  t h e  energy l e v e l s  involved. 
The l i n e s  involved i n  t h e  temperature determinat ion and t h e  a s soc i a t ed  
abso rp t ion -osc i l l a to r  s t r e n g t h s  f ,  s t a t i s t i c a l  weights of t h e  lower energy- 
-1 l e v e l  g, and t h e  energy i n  cm of t h e  upper energy l e v e l  E a r e  shown i n  
U 
Tahle IV. The o s c i l l a t o r  s t r eng ths  given he re  a r e  from Green, e t  a l .  ( r e f .  23) , 
and they  a r e  t h e  roost recent  and most ex tens ive  t a b l e s  ava i l ab l e .  The o s c i l l a -  
t o r  s t r e n g t h s  o f  T r e f f t z ,  e t  al .  ( r e f .  24) a r e  cons i s t en t  wi th  t h e s e ,  bu t  
? .heir  t a b l e s  a r e  l e s s  ex tens ive .  
4.1.2 Opt ica l  Thinness Ver i f i ca t ion  
To v e r i f y  t h a t  t h e  o p t i c a l  t h inness  assumption i s  v a l i d ,  an approx- 
3 3 imate value of t h e  o p t i c a l  depth was ca l cu la t ed  f o r  t h e  2 P - 6 D l i n e  and 
3 3 f o r  t h e  2 S - 4 P l i n e .  Griem ( r e f .  13 )  g ives  t h e  fol lowing expression 
f o r  t he  o p t i c a l  depth f o r  a  c y l i n d r i c a l  source.  
The expression i s  t h e  i n t e g r a l  of t h e  absorp t ion  c o e f f i c i e n t  along t h e  pa th  
of observat ion.  ~ ( r )  i s  t h e  emission c o e f f i c i e n t ,  determined from an Abel- 
invers ion  of t h e  i n t e n s i t y  scan of t h e  l i n e ,  and I i s  t h e  Planck func t ion  T  
2hc 2 -1 
~ ~ ( r )  = -A [exp (+I XkT r - 1 
The .temperature d i s t r i b u t i o n  ~ ( r ) ,  which i s  shown i n  f i g u r e  9 ,  was fit by 
t h e  1-east-square technique t o  a  power s e r i e s .  
This approximate tempera ture-d is t r ibu t ion  func t ion  and t h e  func t ion  obta ined  
from t h e  Abel-inversion ca l cu la t ion  were s u b s t i t u t e d  i n t o  equat ion (43) .  A 
numerical eva lua t ion  of t he  i n t e g r a l  was performed. The r e s u l t i n g  o p t i c a l  
- 4 3 3 3 depths were 3 x 10 f o r  t h e  2 P = 6 D l i n e  and 2 .5  x f o r  t h e  2 S - k3p 
l i n e .  These values a r e  much smaller  than un i ty .  Therefore,  t h e  assumption 
t h a t  t h e  je t  i s  o p t i c a l l y  t h i n  i s  j u s t i f i e d  f o r  t h e s e  l i n e s ,  Because t h e s e  
a r e  low quantum number l i n e s ,  t h e  j e t  was assumed t o  be o p t i c a l l y  t h i n  f o r  
all lines t h a t  were measured. 
TABLE 1V.- LINES AND CORRESPONDING ATOMIC PARAMETERS 
a O s c i l l a t o r  s t r eng ths  a r e  from v e l o c i t y  c a l c u l a t i o n s  by Green, 
Johnson, and Kolchin ( r e f .  23) .  
b ~ n e r g y  l e v e l s  a r e  from Martin ( r e f .  16) .  
4.2 ABSOLUTE CONTINUUM MFASUREMENTS AND THE 
ELECTRON-DENSITY PROFILE 
The e l e c t r o n  dens i ty  p r o f i l e  of t h e  j e t  was found by so lv ing  equa- 
2  
t i o n  ( 2 )  f o r  Ne . The assumption w a s  made t h a t  Ne = Ni.  The fol lowing 
d a t a  were used i n  c a l c u l a t i n g  t h e  continuum emission c o e f f i c i e n t s .  The 
photo ioniza t ion  c ross  s e c t i o n s  were those  ca l cu la t ed  by Anderson and Griem 
( r e f .  l l ) ,  and t h e  bound-free averaged Gaunt f a c t o r s  gn(A) a r e  t hose  
ca l cu la t ed  by Karzas and L a t t e r  ( r e f .  1 2 ) .  The f r ee - f r ee  average Gaunt 
f a c t o r  was s e t  equal  t o  a  cons tan t  g  ( A  ,TI = 1.1. The r e s u l t s  of t h e  f  
ca l cu la t ions  a r e  p l o t t e d  i n  f i g u r e  10 f o r  T  = 7800' K and 
Ne = 1.38  x 1015 ~ m - ~ .  Measured va lues  of t h e  emission c o e f f i c i e n t  were 
combined with equat ion ( 2 ) ,  g iv ing  t h e  r e l a t i o n s h i p  
2 
where E ( i , ~ )  i s  t h e  measured emission c o e f f i c i e n t  and [ E ( A , N ~ , T ) / N ~  I c  
m 
i s  t h e  t h e o r e t i c a l  value obtained from equat ion ( 2 ) .  Equation ( 2 )  was 
programed f o r  computation on a  d i g i t a l  computer. Although E ( A , N ~ , T ) / N  2  
e  
i s  a  func t ion  of N e ,  i t s  dependence on Ne i s  s o  small  at most of t h e  
wavelengths of  i n t e r e s t  t h a t  it i s  n e g l i g i b l e  over t h e  range of  d e n s i t i e s  
involved. Therefore,  only an o rde r  of  magnitude guess was needed f o r  t h e  
f i r s t  i t e r a t i o n .  
n e s e  emission c o e f f i c i e n t s  were ca l cu la t ed  a s  a func t ion  of r ad ius  
a t  t h e  measured wavelengths by t h e  use of  t h e  temperature d i s t r i b u t i o n  shown 
1 4  -3 i n  figure 9, and an i n i t i a l  e l e c t r o n  dens i ty  of 6 x 10 cm . Then, from 
equat ion (46), e l ec t ron  dens i ty  d i s t r i b u t i o n s  were ca l cu la t ed  f o r  each 
15 - 3  N e = 1 . 3 7 x 1 0  ctn 
Figure 10. - Calculated continuum-emission coefficients divided by N '. The 
e 
notation 9 beside the term designations implies that the curve includes 
the continuum resulting from transitions into that level plus all other 
energy levels above it. 
wavelength and were normalized t o  un i ty  a t  r = 0. The measurements f o r  each 
wavelength were then  averaged f o r  each value of r t o  obta in  a  f i r s t  i t e r -  
a t i o n  r ad ia l - e l ec t ron  dens i ty  d i s t r i b u t i o n .  
Using t h i s  d i s t r i b u t i o n  f o r  N and ~ ( r )  d i s t r i b u t i o n ,  a  second 
e  
was ca l cu la t ed .  From t h e s e ,  t h e  average r a d i a l - e l e c t r o n  
dens i ty  d i s t r i b u t i o n  was determined a s  i n  t h e  f i r s t  i t e r a t i o n .  
The normalized p r o f i l e  was ca l cu la t ed  from Abel-scans of t h e  continuum 
0 
near  t h e  wavelengths given i n  t a b l e  I V ,  p lu s  t h e  wavelength 3400 A ,  which i s  
3  3 i n  t h e  2 P - n D s e r i e s  l i m i t  continuum. The c e n t e r  l i n e  o r  peak va lue  was 
determined from Abel-inverted measurements a t  3184, 3400, 4127, 4442, and 
0 0 
4718 A p lus  noninverted measurements at 3250, 3280, and 3475 A.  Here, t h e  
cen te r - l i ne  emission c o e f f i c i e n t  was obtained from t h e  center - l ine  i n t e n s i t y  
by d iv id ing  by ,the mean e f f e c t i v e  th ickness  t of t h e  plasma, as  shown i n  
t h e  expression E ( O )  M 1 ( 0 ) / t .  The value t = 3.80 cm was obtained from t h e  
average value of I ( 0  ) / E  ( 0 )  f o r  each Abel-inverted continuum measurement. 
The center - l ine  e l ec t ron  dens i ty  was found t o  be  1.38 x 1015 e m 3  12.5 per-  
cen t .  The e lec t ron-dens i ty  p r o f i l e  i s  shown i n  f i g u r e  11. Error  b a r s  a r e  
p l o t t e d  a t  r / R  equa l  t o  0 ,  0 .3 ,  0 .6,  and 0.9.  
A po r t ion  of the  s e r i e s  l i m i t  continuum and t h e  merging l i n e s  a r e  
p l o t t e d  i n  f i g u r e  12.  The i n t e n s i t y  measurement i s  f o r  y = 0 (along a  
d iameter ) ,  and t h e  s c a l e  i s  i n  a r b i t r a r y  u n i t s ,  wi th  no account made f o r  t h e  
change i n  s e n s i t i v i t y  of t h e  spectrometer with change i n  wavelength. 
4 .3 REMARKS ON THE ABEL-INVERSION TECKNIQUE 
The technique f o r  scanning t h e  jet '  and spectrum seemed we l l  s u i t e d  
f o r  t hese  experiments because t h e  va r i ab l e  scan r a t e s  permit ted scanning 
0 0.1 0.2 0.3 0,4 0.5 0.6 0,7 0.8 0,9 1 - 0  
Normalized radius, r/R 
Figure 11.- The e l ec t ron  dens i ty  d i s t r i b u t i o n  i n  t h e  j e t ;  
e r r o r  ba r s  denote t h e  s tandard  e r r o r .  
0 
3600 3550 3500 3450 
0 
Wavelength, A 
3 3 Figure 12.- A scan of the 2 P - n D series limit of He, uncompensated for 
changes in system spectral sensitivity. The last discernable line in 
the line-of-sight measurement is the n = 14 line. 
57 
d i f f e r e n t  p a r t s  of t h e  l i n e  p r o f i l e  a t  r a t e s  which g ive  t h e  optimum s i g n a l  
averaging and r e s o l u t i o n .  For example, i n  t h e  core of  t h e  l i n e  where t h e  
s i g n a l  i s  s t ronges t  bu t  h ighe r  r e s o l u t i o n  is  r equ i r ed ,  one could scan r ap id ly  
with smal l  A h .  However, ou t  on t h e  wings where t h e r e  i s  l e s s  need f o r  high 
r e s o l u t i o n ,  one could scan more slowly a  fewer number s f  po in t s  wi th  l a r g e r  
A h .  This technique permi t ted  a f a i r l y  p r e c i s e  knowledge o r  measure of t h e  
p o s i t i o n s  i n  t h e  scan f o r  each wavelength increment.  The es t imated  e r r o r  i n  
p o s i t i o n  was about 2 percent  of t h e  rad ius  R.  The curve f i t  of t h e  d a t a  i n  
t h e  numerical Abel-inversion y i e lded  a  s tandard  dev ia t ion  of l e s s  t han  
1 percent  of t h e  cen te r - l i ne  i n t e n s i t y  near  t h e  l i n e  core ,  t o  approximately 
2 percent  on l i n e  wings and i n  t h e  continuum. The f r a c t i o n a l  e r r o r  increased  
nea r  t h e  edge of  t h e  j e t  where t h e  i n t e n s i t y  i s  small .  The major sources of 
e r r o r  a r e  r e l a t e d  t o  t h e  j e t  i t s e l f ,  r a t h e r  than  t o  t h e  measurement o r  
numerical techniques.  F i r s t ,  t h e  j e t  i s  not  s t r i c t l y  symmetrical and de- 
v i a t i o n s  from c y l i n d r i c a l  symmetry a r e  l a r g e s t  near  t h e  edge of t h e  j e t .  
There was sometimes a  f a c t o r  of two d i f f e rence  i n  t h e  i n t e n s i t y  near  one 
edge compared with t h e  o t h e r  edge. The technique of f i t t i n g  t h e  d a t a  t o  
symmetrical curves e f f e c t i v e l y  averaged the  da t a .  I n  t h e  case of t h e  Abel- 
i n v e r t e d  l i n e  p r o f i l e s ,  t h e  ant isymmetr ical  component was c a l c u l a t e d ,  bu t  
t h e r e  were l a r g e  devia t ions  i n  t h e  curve f i t  caused by a  poor choice of 
func t ions  f o r  t h e  curve f i t .  For t h a t  reason,  t h e s e  d a t a  a r e  not  presented .  
The o t h e r  major source of e r r o r  i n  t h e  r a d i a l - i n t e n s i t y  p r o f i l e s  stems from 
unce r t a in ty  i n  t h e  o v e r a l l  j e t  diameter.  It was d i f f i c u l t  t o  determine 
accu ra t e ly  where t h e  i n t e n s i t y  of t h e  j e t  decreased t o  zero because of 
background-scattered r a d i a t i o n .  Both v i s u a l l y  measuring t h e  l~uninous 
diameter of t h e  j e t  and a  s tagnat ion-pressure probe survey ( f i g .  13 )  y i e lded  

a  diameter of 1 4 . 0  + 1 . 2  cm; hence, t h e  s tandard  e r r o r  i n  t h e  r ad ius  R was 
t 4 pe rcen t .  This unce r t a in ty  i n  t h e  r ad ius  y i e lded  a  s i m i l a r  unce r t a in ty  
i n  t h e  Abel-inverted i n t e n s i t y  N ( r ) .  The combination of t h e  e r r o r s  j u s t  
mentioned y i e l d s  a n e t  unce r t a in ty  of about 5 percent  near  r = 0 ,  and t h i s  
unce r t a in ty  inc reases  t o  about a  f a c t o r  o f  two f o r  weak p a r t s  of t h e  spectrum 
near  t h e  edge of t h e  j e t .  
4 .4  HELIUM LINE-BROADENING AND 
QUASISTATIC-THEORY COMPARISON 
Experimental l i n e  p r o f i l e s  were measured by t h e  use of two techniques .  
I n  t h e  f i r s t  t echnique ,  t h e  p r o f i l e s  were averaged over a  diameter of t h e  j e t  
by a l ine-of -s ight  measurement. I n  t h e  second method, t h e  p r o f i l e s  were 
Abel-inverted by scanning both i n  wavelength and pos i t i on .  
. 4 . 4 . 1  Averaged ( N o n - ~ b e l - ~ n v e r t e d )  Line P r o f i l e s  
The averaged p r o f i l e s  a r e  not  s u i t a b l e  f o r  p r e c i s e  comparison wi th  
t h e  theory  because they  a r e  averages and an accura te  comparison would re-  
qu i r e  t h a t  t h e  t h e o r e t i c a l  p r o f i l e s  a l s o  be averaged over t h e  temperature and 
e lec t ron-dens i ty  d i s t r i b u t i o n s  along a diameter of  t h e  j e t .  Such t h e o r e t i c a l  
c a l c u l a t i o n s  would be very lengthy even on a  computer, and t h e  r e s u l t s  prob- 
ab ly  would not  be very h e l p f u l  i n  determining t h e  v a l i d i t y  of t h e  theory  i n  
d e t a i l .  However, f o r  a rough comparison, t h e  experimental average p r o f i l e s  
and t h e  t h e o r e t i c a l l y  ca l cu la t ed  p r o f i l e s  a r e  presented  i n  f i g u r e s  14 t o  18 
f o r  t h e  t r i p l e t  d i f f u s e  l i n e s  with p r i n c i p l e  quantum numbers n  - 4 t o  n  = 8. 
I n  t hese  comparisons, t h e  mean temperature 8750' K and a  pe r tu rbe r  dens i ty  
1.58 x LO" (which i s  two times t h e  root-mean-square e l e c t r o n  d e n s i t y )  
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were used. The root-mean-square value was chosen because t h e  l i n e  i n t e n s i t y  
depends on t h e  square of t h e  e l e c t r o n  dens i ty  because N = N i .  
e  
I n  t h e  t h e o r e t i c a l  c a l c u l a t i o n s ,  no v a r i a t i o n  i n  t h e  pe r tu rbe r  d e n s i t y  
w i t h  wave number was used, because such a  co r r ec t ion  i s  much smal le r  than  t h e  
accuracy of t h e  o v e r a l l  comparison. The h igher  l i n e s  have unce r t a in  back- 
ground, as  was mentioned previous ly .  I n  add i t i on ,  t h e  h igher  l i n e s  over lap ,  
making t h e  comparisons i n  t h e  l i n e  wings l e s s  accu ra t e .  For t h e  case  n = 4 ,  
t h e  t h e o r e t i c a l  p r o f i l e  was fo lded  wi th  t h e  instrument  p r o f i l e .  This was not  
necessary f o r  t h e  h igher  l i n e s ,  because t h e i r  h a l f  widths exceeded t h e  in-  
strument h a l f  width by a t  l e a s t  a  f a c t o r  of t e n .  The p r o f i l e s  f o r  t h e  above 
l i n e s ,  p lus  those  f o r  n = 9 and n = 10 a r e  shown p l o t t e d  toge the r  i n  
f i g u r e  19. The p r o f i l e s  i n  f i g u r e s  1 4  t o  18 a r e  normalized t o  t h e  t o t a l  
i n t e n s i t y ,  a s  shown i n  t h e  following equat ion.  
Because t h e  p r o f i l e s  do not  extend t o  p lus  and minus i n f i n i t y ,  a co r rec t ion  
term was added t o  t h e  i n t e g r a l .  It was assumed t h a t  t h e  l i n e  wings have 
a  Av -5'2 dependence; t h e r e f o r e ,  t h a t  p a r t  of t h e  wing omitted i n  an in t e -  
g r a t i o n  over a  f i n i t e  i n t e r v a l  approximately equals  2/3Au l ( A v f ) ,  where Au f  f  
i s  t h e  f i n i t e  i n t e g r a t i o n  l i m i t .  The p r o f i l e s  i n  f i g u r e  19 a r e  normalized 
t o  t h e  peali i n t e n s i t y .  
Allowance f o r  t h e  background continuum and overlapping was made by 
sub t r ac t ing  an est imated background from t h e  p r o f i l e s  p r i o r  t o  normalizat ion.  
However, t h i s  was a  r a t h e r  crude approximation f o r  t h e  h igher  l i n e s .  For 
nonoverlapping l i n e s ,  it would be poss ib le  t o  f i t  t h e  f a r  wings t o  a 
r-i 
d 
I 
5 
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-512 power-law curve and thus  determine t h e  amount of background, i f  one assumes 
t h e  -512 power holds f o r  t h e  f a r  wings. I f  one does not want t o  make t h i s  
assumption, then  t h e  only course i s  t o  try t o  a c t u a l l y  measure t h e  background. 
The t h e o r e t i c a l  p r o f i l e s  f o r  t h e  n = 4 and n = 5 l i n e s  e x h i b i t  
s t r o n g  peaks i n  t h e i r  v i o l e t  wings f a i r l y  near Av = 0. I n  t h e  case  of 
- 1 
n = 4 (fig. 1 4 ) ,  t h e  peak a t  Av = 7 cm i s  t h e  F 
0,192 
S ta rk  components 
( u  = 3) .  Unlike t h e  experimental  p r o f i l e ,  t h e  group of F components 
0,192 
i n  t h e  theory  i s  we l l  i s o l a t e d .  This  i n d i c a t e s  t h a t  another  broadening 
mechanism i s  needed t o  e s t a b l i s h  agreement. I n  t h e  case  of n = 5 ( f i g .  1 5 ) ,  
-I t h e  v i o l e t  wing e x h i b i t s  two i s o l a t e d  peaks: one a t  Av = 5 cm and another  
- 1 
a t  Av = 11 cm , corresponding t o  t h e  F ( ] . r = 3 )  and G 
0,132 0 , 1 , 2 ( ~  = 4, 
S t a r k  components, r e spec t ive ly .  Again, t h e r e  i s  a l a r g e  dev ia t ion  from t h e  
experimental  p r o f i l e ,  i n d i c a t i n g  t h e  inadequacy of t h e  q u a s i s t a t i c  t heo ry  
here .  There. i s  poor agreement i n  t h e  v i o l e t  wing because of overlapping 
0 
with  t h e  4009 A l i n e .  There i s  f a i r  agreement i n  most of t h e  red  wing f o r  
both n = 4 and n = 5. The S (  p = 0 )  and P ( P  = 1) components a r e  not 
p r e s e n t ,  because they  a r e  o f f  t h e  s c a l e  of t h e  f i g u r e s .  The agreement of 
t h e  q u a s i s t a t i c  p r o f i l e  wi th  t h e  experimental p r o f i l e  f o r  n = 6 ( f i g .  1 6 )  
i s  r a t h e r  poor f o r  two reasons.  The v i o l e t  wing of t h e  measured p r o f i l e  
has  some background i n t e r f e r e n c e  from an un iden t i f i ed  source y i e ld ing  a peak 
a t  approximately Av = 50 cm-'. The r e d  wing agreement i s  d i s tu rbed  by t h e  
presence of t h e  forbidden P component. 
For n = 7 and n = 8 ( f i g s .  17 and 18, r e s p e c t i v e l y ) ,  the  agreement 
i n  both t h e  red  and v i o l e t  f a r  wings i s  reasonably good, considering t h a t  
t h e s e  p r o f i l e s  a r e  averages.  The p r o f i l e s  d i sagree  near forbidden components 
and i n  t h e  core.  
14.4.2 Abel-Inverted Line P ro f i l - e s  
Abel-inverted l i n e  p r o f i l e s  were measured f o r  t h r e e  of t h e  t r i p l e t  
d i f f u s e  l i n e s  of helium having n = 6 ,  n = 7 ,  and n = 8. These l i n e s  were 
chosen a s  a compromise. The h igher  l i n e s  had s i g n i f i c a n t  overlapping and 
were weak, The lower l i n e s  were s o  narrow as  t o  r e q u i r e  narrow e x i t  s l i t s  
t o  avoid s i g n i f i c a n t  instrument broadening, reducing t h e  s i g n a l  s t r e n g t h .  I n  
add i t i on ,  t h e  q u a s i s t a t i c  theory  does not  apply t o  t h e  low l i n e s  u n t i l  ex- 
tremely f a r  out  on t h e  wings. The l i n e s  were scanned a s  descr ibed i n  Sec- 
tion 3.2.3,  ~be l . -knver ted  Line P r o f i l e s ,  and Abel-inversions were c a l c u l a t e d  
a t  each Av, beginning wi th  Av = 0 and progressing toward h igher  IAvI. 
The scan pos i t i ons  and i n t e n s i t i e s  were then  symmetrized (according 
t o  t he  scheme described i n  appendix B) by t h e  use of a l i n e a r  i n t e r p o l a t i o n  
t o  obta in  i n t e n s i t i e s  a t  p o s i t i v e  pos i t i ons  equal  t o  t h e  absolu te  va lue  of  
t h e  negat ive pos i t i ons .  The symmetrization reduced t h e  e r r o r  i n  t h e  Abel- 
invers ion  caused by unce r t a in ty  i n  t h e  cen te r  of t h e  j e t  ( r e f .  25) .  Once t h e  
d a t a  were symmetrized, a l e a s t  squares curve f i t  was performed on t h e  sym- 
m e t r i c a l  coinponent. It was found t h a t  nine terms i n  t h e  expansion gave t h e  
b e s t  o v e r a l l  f i t .  The func t ions  had t h e  form ( R ~  - y21k, where k took 
a l l  i n t e g e r  values from zero t o  e i g h t .  A t y p i c a l  example of t h e  measured 
da t a  and t h e  f i t t e d  curve a r e  shown i n  f i g u r e  20, The corresponding r a d i a l -  
i n t ens i ty -  d i . s t r ihu t ion ,  numerically obtained from t h e  curve- f i t  expansion 
c o e f f i c i e n t s  and t h e  a n a l y t i c  form of t h e  inve r t ed  func t ions  (which i s  
2 2 k-1/2 
- r , where hk  is  a constant  r e s u l t i n g  from Abel-inversion of 
2 k  
- y ) a r e  shown i n  f i g u r e  21. Note t h a t  t h i s  func t ion  i s  s i n g u l a r  
a t  r = R f o r  k = 0; hence, t h e  computed r a d i a l - i n t e n s i t y  d i s t r i b u t i o n  i s  
i n v a l i d  i.n t h e  neighborhood of r = R .  
- 7 -5 - 3  - 1 1 3 5 7 
Position, y ,  cm 
Figure 20.- Sample scan of j e t  f o r  Abel-inversion which has been symmetrized 
(denoted by t h e  p l o t t i n g  symbol); t h e  continuous curve i s  t h e  leas t - square  
0 1 2 3 4 5 6 7 
Racii'11 110siii011 i l l  jct , r , ciii 
Figure 21.-Sample radial intensity distribution, which is the 
Abel-inversion of the data in figure 20. 
Af te r  t h e  r a d i a l  i n t e n s i t y  d i s t r i b u t i o n s  ~ ( r )  were c a l c u l a t e d  f o r  
each A X ,  t h e  d a t a  were merged t o  ob ta in  t h e  l i n e  p r o f i l e s  a t  each r ad ius  
r = 0 ,  O . l R ,  0.2R, ..., 0.8R. 
The p r o f i l e s  inc luding  t h e  background continuum and s o  f o r t h  a r e  
p l o t t e d  i n  f i g u r e s  22 t o  24. Note t h e  wavelength s h i f t  i n  t h e  peaks of t h e  
p r o f i l e s  with r ad ius .  
The background i n t e n s i t y  was determined from o the r  measurements and 
was assumed t o  be  constant  i n  t h e  neighborhood of t h e  l i n e s .  The cen te r - l i ne  
values were sub t r ac t ed  from t h e  r = 0 Abel-inverted l i n e  p r o f i l e s  p r i o r  
t o  p l o t t i n g  i n  f i g u r e s  25 t o  26. Along with t h e s e  p r o f i l e s ,  s e v e r a l  quasi- 
s t a t i c  t h e o r e t i c a l  p r o f i l e s  a r e  p l o t t e d .  I n  t h e s e  curves ,  t h e  s c a l e  has  
been ad jus t ed  s o  t h a t  t h e  maximum i n t e n s i t y  i s  a t  Av = 0 .  
The p r o f i l e s  f o r  n  = 6  a r e  p l o t t e d  i n  f i g u r e  25. The agreement i s  
3 3 
only f a i r  here  because of t h e  presence of t h e  2 P - 6  P component i n  t h e  r ed  
wing, and because of t h e  unce r t a in ty  i n  background. The discrepancy i n  t h e  
l i n e  core where t h e  q u a s i s t a t i c  theory does not  apply i s  q u i t e  apparent .  
3 However, even he re  t h e  inf luence  of t h e  s p l i t t i n g  of t h e  2 D s t a t e  by t h e  
S ta rk  e f f e c t  can be seen. Figure 26 i s  an expanded p l o t  of t h e  n  = 6 l i n e  
core and i s  presented  merely t o  show t h e  gross  correspondence of t h e  peaks i n  
t h e  q u a s i s t a t i c  theory  wi th  t h e  prominences i n  t h e  experimental curve. 
The t h e o r e t i c a l  curves i n  f i g u r e s  25 and 26 were ca l cu la t ed  f o r  
T = 7800° K. Curve 1 involved a  pe r tu rbe r  dens i ty  of N = N = 1.37  x l 0 l 5  eme3 
e  
Violet wing 
.6 
1 10 100 
Av, cm -1 
Red wing " 
3 3 Figure 22.- Abel-inverted profiles of the 2 P - 6 D line, including 
background continuum, and so forth. 

Vio le t  wing 
Parameter = r/R 
Red wing .7 
3 3 Figure  2 3 , -  Abel-. inverted p r o f i l e s  o f  t h e  2 P - 7 D l i n e ,  i n c l u d i n g  
background continuuii ,  and s o  f o r t h .  

Violet  wing 
Parameter: r/R 
Red wing 
Av, ctn - 1 
3 3 Figure 24.- Abel-inverted profiles of the 2 P - 8 D line, including 
background continuum, and so forth. 
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Figure 26.- Abel-inverted profile ( r  = 0) and quasistatic profiles folded 
3 3 
with the Doppler profile for the 2 P - 6 D line in the line core. 
with no dependence of N on A v .  Curve 2 involved N = 2 N wi th  no depend- 
e 
ence on Av. Curve 3 involved N = N wi th  a dependence on Av of 
e 
t h a t  i s ,  a = 30 and b = 1. 
This choice of t h e  parameters a and b improved t h e  f i t  toward t h e  
cen te r  of t h e  l i n e  i n  t h e  v i o l e t  wing, bu t  no conclusions should be drawn here  
because of t h e  u n c e r t a i n t i e s  j u s t  mentioned. 
3 The Abel-inverted p r o f i l e  of t h e  2% - 7 D l i n e  i s  presented with 
t h r e e  t h e o r e t i c a l  p r o f i l e s  i n  f i g u r e  27. The parameters used i n  t h e  theo re t -  
i c a l  ca l cu la t ions  were: curve 1, a = 7 ,  b = 1; and curve 2 ,  a = 30, b = 1 
with N = N . Curve 3 has N = 2N and no dependence of N on Av was 
e e 
used. The f i t  i n  t h e  wings i s  r a t h e r  poor,  mainly because of unce r t a in ty  i n  
t h e  background, although measurement inaccuracy i s  manifest .  No improvement 
i n  t h e  f i t  i s  i nd ica t ed  by using a wavelength-dependent pe r tu rbe r  dens i ty .  
3 3 I n  f i g u r e  28 t h e  Abel-inverted p r o f i l e  of t h e  2 P - 8 D l i n e  i s  
shown. I n  t h i s  case ,  t h e  f i t  i n  t h e  v i o l e t  wing i s  q u i t e  good u n t i l  we l l  
i n t o  t he  core of t h e  l i n e .  The r ed  wing f i t  i s  not good because of t h e  
presence of t h e  forbidden component. Curve 1 was ca l cu la t ed  with N = N 
e '  
a = 10 ,  b = 2, curve 2 was ca l cu la t ed  with N = N a = 10 ,  b = 3, and 
e ' 
curve 3 with N = N e 9  a = 20, b = 2. Curve 4 was ca l cu la t ed  with N = 2~ 
e 
and no dependence upon Av. It can be seen t h a t  t h e  b e s t  o v e r a l l  agreement 
of t h e  experimental p r o f i l e  was obtained with curve 3 ,  It i s  p o s s i b l e ,  by 
f u r t h e r  ad jus t ing  t h e  parameters a and b ,  t h a t  even b e t t e r  agreement could 
be obtained.  Severa l  o the r  values were t r i e d ,  but  t h e  agreement was not a s  
good. Those values a r e  l i s t e d  i n  t a b l e  V.  
TABLE V.- EMPIRICAL PARAMETERS USED TO EXTEND 
RANGE OF AGREEMENT OF QUASISTATIC THEORY 
FOR THE z3p - 8 3 ~  TRANSITION 
-- 
The f o l l o w i n g  p l o t t e d  i n  f i g u r e  28. 
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I n  g e n e r a l ,  a f a s t  t r a n s i t i o n  from N = 2N t o  N = N provided 
e e  
t h e  b e s t  agreement. That t h i s  was so  i s  i n d i c a t e d  by having t o  go t o  l a r g e r  
values of b .  The parameter a  s h i f t s  t h e  p o i n t  of t r a n s i t i o n ,  whereas b 
governs t h e  r a t e  at which t h e  t r a n s i t i o n  occurs .  
The h a l f  widths of t h e  averaged p r o f i l e s  and t h e  Abel-inverted pro- 
f i l e s  a r e  compared with n (n  - 1 )  i n  f i g u r e  29. The p o i n t s  f o r  t h e  averaged 
p r o f i l e s  f a l l  c lo se  t o  a  s t r a i g h t  l i n e ,  as would be  p red ic t ed  by use of t h e  
hydrogenic q u a s i s t a t i c  theory .  The p o i n t s  f o r  n  = 4 and n  = 5 f a l l  above 
t h e  l i n e ,  i n d i  e a t i n g  devia t ion  from t h e  q u a s i s t a t i c  approximation and t h e  
inf luence  of o the r  types  of broadening. The p o i n t  f o r  n  = 10 has a  l a r g e  
unce r t a in ty  because of overlapping l i n e s  and background. 
As was expected,  t h e  ha l f  widths corresponding t o  t h e  Abel-inverted 
p r o f i l e s  ( r  = 0 )  l i e  above t h e  po in t s  f o r  t h e  p r o f i l e s  averaged along t h e  
l i n e  of s i g h t .  These po in t s  a l s o  show t h e  same t r end  with quantum number, 
except t h e  p o i n t  f o r  n  = 8 should be about 20 percent  lower t o  f a l l  on a  
l i n e  whose s lope  i s  t h e  same as  t h a t  of t h e  averaged p r o f i l e s .  
To determine whether one can use t h e  h a l f  widths of t h e  Abel-inverted 
p r o f i l e s  t o  measure t h e  e l e c t r o n  dens i ty  p r o f i l e  of t h e  j e t ,  W1,2/~e2'3 i s  
compared wi th  t h e  rad ius  i n  f i g u r e  30. 
Note t h a t  t h e  f i r s t  few po in t s  of t h e  n  = 6 and n  = 7 curves f a l l  
f a i r l y  w e l l  on a  ho r i zon ta l  l i n e ;  however, beyond t h a t  they  begin t o  drop. 
This i n d i c a t e s  t h a t  t he  l a t t e r  two p o s s i b i l i t i e s  a r e  more probable,  because 
t h e  r e l i a b i l i t y  of t h e  invers ions  decreases  wi th  inc reas ing  r ad ius .  The 
n  = 8 curve begins t o  drop immediately and i t s  r e l a t i v e  p o s i t i o n  i s  t o o  h igh ,  
a s  i nd ica t ed  i n  f i gu re  29. Thus, it i s  l i k e l y  t h a t  i n  t h i s  case t h e  h a l f  
CV 
\ 
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0 Noninverted profiles 
0 Abel-inverted profiles 
Figure 29.- F u l l  widths of t h e  measured Abel-inverted and non-Abel-inverted 
3 3 l i n e  p r o f i l e s  of  t h e  2 P - n  D s e r i e s .  A b e s t  s t r a i g h t  l i n e  i s  f i t  t o  t h e  
noninverted po in t s .  As expected t h e  inve r t ed  d a t a  po in t s  l i e  above t h e  
noninverted po in t s .  The n  = 8 poin t  should f a l l  about 20 percent  lower 
i n  order  f o r  t h e  Abel-inverted widths t o  have t h e  same s lope  on t h e  p l o t .  
Normal ized radius, r/R 
Figure 30.- F u l l  widths of  t h e  Abel-inverted p r o f i l e s  divided by N * I3  a r e  
e  
p l o t t e d  aga ins t  t h e  r ad ius .  The decrease with r ad ius  i n d i c a t e s  increas ing  
e r r o r s  with r i n  t h e  N o r  t h e  widths o r  t h e  f a i l u r e  of t h e  N 2 / 3  
e  
dependence on width. 
widths a r e  i n  e r r o r  a s  w e l l ,  although it w a s  i n  t h i s  case t h a t  t h e  b e s t  agree- 
ment of t h e  p r o f i l e  with t h e  t h e o r e t i c a l  p r o f i l e  was obtained.  I d e a l l y ,  t h e  
curves should be s t r a i g h t  h o r i z o n t a l  l i n e s .  There a r e  t h r e e  poss ib l e  causes 
f o r  t h e  exh ib i t ed  behavior:  ( 1 )  t h e  h a l f  widths do not obey t h e  Ne 
2 /3  
dependence; ( 2 )  t h e  dens i ty  p r o f i l e  i s  i n  e r r o r ,  wi th  e i t h e r  t h e  c e n t e r  va lues  
t o o  low o r  t h e  o u t e r  values t o o  high;  o r  ( 3 )  t h e  h a l f  widths obtained from 
t h e  Abel-inverted p r o f i l e s  a r e  i n  e r r o r .  To determine t h e  probable cause of  
t h i s  behavior ,  t h e  Abel-inversion technique must be inves t iga t ed .  It i s  
poss ib l e  t h a t  a b e t t e r  choice of expansion func t ions  would improve t h e  
accuracy of t h e  invers ions .  Probably, t h e  Abel-inversions y i e l d  values t o o  
l a r g e  toward t h e  edge of t h e  j e t ,  t hus  causing t h e  dens i ty  t o  be t o o  l a r g e .  
U n t i l  now, t h e r e  have been v i r t u a l l y  no helium l i n e - p r o f i l e  measurements 
i n  t h e  e l e c t r o n  dens i ty  range from 1014 t o  l o x 5  a l l  previous measurements 
have been made i n  low-density (1013 emm3) o r  high-densi ty  ( l ox6  t o  1017 
plasmas. This has prevented comparison of t h e  q u a s i s t a t i c  and impact t h e o r i e s  
f o r  helium Stark  broadening i n  a  range where t h e  u n c e r t a i n t i e s  i n  t h e  t h e o r i e s  
a r e  g r e a t e s t .  The measurements presented  he re in  i n d i c a t e  a  gene ra l  agreement 
with t h e  q u a s i s t a t i c  theory  f o r  e l ec t rons  and ions  i n  t h e  wings, except where 
forbidden components o r  overlapping with neighboring l i n e s  prevent  a  v a l i d  
comparison. There was a  genera l  improvement i n  t h e  agreement of t h e  c a l c u l a t e d  
p r o f i l e s  with t h e  measured ones when t h e  dependence of pe r tu rbe r  d e n s i t y  on 
wave number was included empi r i ca l ly  i n  t h e  ca l cu la t ions .  This i s  c o n s i s t e n t  
with t h e  r e s u l t s  of Schlu ter  ( r e f .  7 ) ,  and an even b e t t e r  consis tency wi th  
h i s  r e s u l t s  i s  found i f  Uns61dts es t imate  ( r e f .  26 )  f o r  t h e  c r i t i c a l  value f o r  
t h e  t r a n s i t i o n  between t h e  q u a s i s t a t i c  and impact domains of e l e c t r o n  broadening 
Av i s  used. His es t imate  i s  approximately one-half t h a t  of Traving ( r e f .  1 9 )  ; L 
us ing  it would e f f e c t i v e l y  decrease t h e  parameter a  by a f a c t o r  of one-half ,  
y i e l d i n g  values c l o s e r  t o  those  of  Schlu ter  i n  h i s  hydrogen-profile ca lcu la-  
t i o n s .  
Because t h e  only method used f o r  determining t h e  e l e c t r o n  dens i ty  was 
absolu te  continuum measurements, no assessment of any systematic  e r r o r s  could 
be obta ined;  and, because t h e  e l e c t r o n  dens i ty  i s  t h e  most important parameter 
i n  t h e  p r o f i l e  c a l c u l a t i o n s ,  f u t u r e  comparisons should have t h e  b e n e f i t  of a  
more c e r t a i n  e l ec t ron  dens i ty .  
To improve the  accuracy of t h e  measurements, b e t t e r  accounting of t he  
background i s  needed. I f  t h e  assumption i s  made t h a t  the  wings obey t he  Av -512 
dependence, t h e  f i t  i n  t he  wings could be forced by subtracting an amount of 
background which w i l l  y ie ld  t h e  best  Av -5'2 f i t .  Also, a more precise  Abel- 
inversion measurement and numerical technique should be attempted. Choosing 
expansion functions which are  a s e t  of orthogonal functions sa t i s fy ing  su i tab le  
boundary conditions, as suggested by Birkeland and Oss ( r e f .  27) ,  might improve 
t he  numerical f i t  i n  t he  Abel-inversion. 
Because the  standard e r ro r  i n  N i s  +13 percent a t  t he  j e t  center 
e 
l i n e  and t he  l i n e  p ro f i l e  measurements have about +5 t o  10 percent uncertainty 
(possibly l a rge r  i n  t he  f a r  wings), t h e  comparisons have an accuracy of -113 t o  
16 percent, at best .  
To achieve t he  best  overa l l  agreement i n  t he  l i n e  core and i n  t he  wings, 
t h e  impact theory would have t o  be accounted fo r  i n  the  theore t ica l  p rof i l es .  
However, t h i s  was not the  objective of t h i s  work. This may be done i n  future  
investigations.  
APPENDIX A 
ABSOLUTE CALIBRATION OF THE SPECTROMETER 
The response of a voltmeter which measures t h e  current  i n  t h e  spec- 
t rometer  photomultiplier i s  t h e  folding of t h e  instrument p r o f i l e  with t h e  
source p r o f i l e .  This can be represented mathematically by t h e  equation 
where V i s  t h e  measured voltage,  I ( X )  i s  t h e  source i n t e n s i t y  p r o f i l e ,  
a i s  a normalization constant ,  and P ( A )  i s  t h e  normalized shape function X 
of t h e  instrument p r o f i l e ,  
Suppose t h a t  t h e  source i s  a ca l ibra ted  source, such a s  a ribbon- 
filament lamp, whose i n t e n s i t y  function i s  denoted by I c a l  ( A ) .  I f  it i s  
assumed t h a t  Ical ( A )  i s  very nearly constant i n  an i n t e r v a l  i n  which P ( A )  
is not negl ig ib le  (Al 5 A A )  , then equation ( ~1 )  w i l l  reduce t o  
where E I  ( A 0 )  and Veal I c a l  c a l  i s  the  voltmeter response t o  t h e  ca l ibra-  
t i o n  source. Because of t h e  normalization condition, equation ( ~ 2 )  w i l l  re -  
duce t o  Veal = Ical oh.  I f  t h e  s e n s i t i v i t y  of t h e  spectrometer SA is  
defined by t h e  r e l a t i o n  V = S A I ,  where V i s  t h e  response of t h e  voltmeter 
t o  an i n t e n s i t y  I, then it i s  read i ly  seen t h a t  t h e  normalization constant  
u equals t h e  s e n s i t i v i t y  SA.  The absolute s e n s i t i v i t y  i s  then X 
where I c a l  i s  i n  absolute u n i t s .  
Continuum Radiation 
To measure t h e  steradiancy of an unknown continuum source, t h e  source 
i s  placed i n  t h e  same loca t ion  as t h e  ca l ib ra t ion  source and t h e  voltage Vc 
i s  measured 
Then, i n t e n s i t y  of t h e  unknown continuum source i n  absolute un i t s  i s  
- 
 IcalVc = -  'c 
Ic veal  'A 
Line Radiation 
I f  t h e  source i s  l i n e  rad ia t ion  r a t h e r  than continuum, t h e  treatment 
i s  somewhat more involved. There a r e  two cases. One case i s  where t h e  width 
of t h e  instrument p r o f i l e  i s  not wide compared with t h e  l i n e  t o  be measured. 
I n  t h i s  case,  one must scan over t h e  l i n e  and in tegra te  t h e  r e s u l t i n g  p r o f i l e .  
The second case i s  where t h e  instrument p r o f i l e  is wide compared with t h e  
l i n e .  I f  background i s  negl ig ib le ,  then only the  peak ( f l a t  t o p )  i n t e n s i t y  
must be measured. 
Case I. Instrument p r o f i l e  not wide compared with t h e  l i n e  p ro f i l e . -  
The output of t h e  voltmeter can be represented by t h e  equation 
2 0 
where J ( A )  i s  t h e  s p e c t r a l  s teradiancy of t h e  l i n e  i n  pW/cm -sr-A. 
I f  
2 i s  t h e  t o t a l  s teradiancy of t h e  l i n e  i n  pW/cm -sr, then we can wr i t e  
' l ine L ( X )  = J(A) and i m L ( i )  d i  = 1, where L ( A )  is  t h e  normalized l i n e  
p r o f i l e  . 
By scanning over wavelength then in tegra t ing  t h e  r e s u l t ,  we have 
0 
' line has u n i t s  of mV - A ,  say. 
Because ~ ( h )  and L ( A )  a r e  independent, t h e  order of in tegra t ion  
can be interchanged. 
Solving equation ( ~ 9 )  f o r  I l i n e  and subs t i tu t ing  equation ( ~ 4 )  
fo r  SA,  
- 
- Ica lVl ine  
' l ine 
'c a1 
Case 11. Instrument p r o f i l e  wide compared with t h e  l i n e  p ro f i l e . -  
Beginning with equation ( ~ 6 1 ,  t h e  assumption i s  being made t h a t  P ( A )  i s  
slowly varying o r  is  constant over t h e  range where 
~ ( h )  i s  nonvanishing. 
Then, it can be removed from t h e  i n t e g r a l  
L 
where PA is t h e  peak value of the  normalized p r o f i l e .  By equation ( A T ) ,  
t h i s  becomes 
Using equation ( ~ 6 )  and in tegra t ing  (scan) over t h e  p r o f i l e ,  
- 
' l ine /o,p(n - A )  d~ 
is  obtained. 
Dividing equation ( ~ 1 2 )  by equation ( ~ 1 3 )  
0 
. Using equation ( ~ 3 )  and solving f o r  PA oX 
i s  obtained. 
0 Knowing hopX f o r  any l i n e ,  equation ( ~ 1 2 )  can be used t o  c a l i b r a t e  
any narrow l i n e  by a  s ing le  measurement a t  t h e  peak i n t e n s i t y  v  . Therefore, 
P  
* 
v b ( h ) d h  
=9  
l i n e  
v(ho) 
I n  t h e  presence of background, t h e  background voltage must be sub- 
t r a c t e d  before in tegra t ing  ( i f  in tegra t ion over X i s  required)  . Otherwise, 
vb(hp - A ) can be subtracted from t h e  in tegra ted  value, where 1 X1 and X 2  
a r e  t h e  lower and upper l i m i t s  of the  in tegra t ion ,  and v i s  t h e  background b  
s igna l  . 
J- The un i t s  of v(h)dh/v(X ) a r e  wavelength. This quant i ty  can be 0 
defined a s  t h e  e f f e c t i v e  s p e c t r a l  s l i t  width W. I f  t h e  p r o f i l e  were an 
i d e a l  rec tangle ,  t r i a n g l e ,  or  t rapezoid,  then W would be t h e  f u l l  half-width 
of t h e  p r o f i l e .  When t h e  e x i t  s l i t  is wide compared with t h e  entrance s l i t ,  
'1 i s  very nearly equal t o  t h e  s p e c t r a l  e x i t - s l i t  width. 
APPENDIX B 
ABEL-INVERSION 
The Abel-inversion technique t h a t  was used i n  these  experiments w a s  
adapted from t h a t  of Freeman and Katz ( r e f .  25). A review of t h e  technique i s  
given here.  
Consider a cy l indr ica l ly  symmetric luminous plasma, viewed perpendicu- 
l a r l y  t o  t h e  flow ax i s .  The plasma i s  assumed t o  be o p t i c a l l y  t h i n .  The ob- 
served i n t e n s i t y  i s  t h e  sum of i n t e n s i t i e s  emitted from volume elements along 
t h e  l i n e  of s igh t  ( f i g  . B-1) .
These measurements a r e  e s s e n t i a l l y  averages o r  in tegra ted  i n t e n s i t i e s  
over t h e  thickness of t h e  plasma, which i s  assumed t o  have cy l indr ica l  symmetry. 
I f  t h e  contribution t o  t h e  i n t e n s i t y  a t  a radius r i s  ~ ( r ) ,  t h e  measured in- 
t e n s i t y  can be represented by 
( f i g  . B-1). The in tegra t ion i s  along the  l i n e  of s igh t .  
Changing t h e  in tegra t ion var iable  t o  r y ie lds  
where x = (r2 - y2)1/2. 

Equation ( ~ 2 )  i s  a form of Abells  i n t e g r a l  equation, and it has t h e  
formal so lu t ion  
l l d  N ( ~ )  = - -.-- 
I f  I(R) = 0,  then equation ( ~ 3 )  can be wr i t t en  by in teg ra t ion  by 
p a r t s  a s  
Unfortunately, t h e  a n a l y t i c a l  form of ~ ( y )  i s  not known, so  equation ( ~ 4 )  
cannot be in tegra ted  d i r e c t l y .  A numerical technique must be used. One method 
i s  t o  expand ~ ( r )  o r  ~ ( y )  i n  a s e t  of funct ional  r e l a t i o n s ,  then  ca r ry  out 
the  in teg ra t ion  of t h i s  expansion ana ly t i ca l ly .  Thus, i f  ~ ( r )  i s  approxi- 
mated by a l i n e a r  combination of a s e t  of functions 
then I(Y) = x a  r l  ( Y )  where 5 ( r )  and t h e  Abel transforms of sk (y ) .  
k k k 
The expansion coef f i c i en t s  a?( a r e  determined by f i t t i n g  experimen- 
t a l  da ta  ~ ( y . ) ,  which i s  t h e  measured i n t e n s i t y  a s  a function of pos i t ion ,  
1 
t o  a s e t  of expansion functions by t h e  method of l e a s t  squares. Then, having 
these  expansion coef f i c i en t s  and t h e  a n a l y t i c a l l y  transformed expansion func- 
t i o n s  t g ( r ) ,  ~ ( r )  can be ca lcula ted  e a s i l y .  
The assumption of perfect cylindrical symmetry of the experiment is 
not entirely justified. It then becomes convenient to symmetrize the data 
as follows. 
+ 1 
J (y) =, [J(Y) + J(-y)] symmetrical part 
1 
J-(Y) = F  [J(Y) - J(-Y)~ antisymmetrical part 
In the case of the Abel-inverted line profiles, each of these parts 
was fit by a least-squares technique to functions of the type 
+ - 
where nk (y) are symmetric functions and n (y) are antisymmetric f'unc- k 
t ions. 
A measure of the goodness of fit is given by the error formula 
The number of terms in the expansion was chosen such that a was a 
minimum. The Abel-inverted functions are given by 
+ + - 
where ck (r) and ck-(r) are the transforms of ilk (Y) and 0 (Y), respec- k 
t ively . 
The following functions were used. 
where 
A computer program was written to compute the expansion coefficients 
a and b by the least-squares method. Then, the program was used to com- k k 
+ 
pute ~ - ( r )  compared with r for a set of radii. 
In the cases other than the Abel-inverted line profiles, the symmetri- 
zation just described was not done. Here the data J(yi) were fitted to the 
symmetric functions, and no antisymmetric part was calculated. 
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